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The logarithm of the number N to the base ‘a’ is the exponent indicating
the power to which the base ‘a’ must be raised to obtain the number N.
This number is designated as log, N .
(@) log,N = x, read as log of N to the base a & a* = N
If a = 10 then we write log N or log,,N and if a =e we write
In N or log,N (Natural log)
(b) Necessary conditions : N> 0;a>0;a = 1

(¢) log,1 =0
(d) loga =1
(e) Iogxa =-1

(f) log,x.y) = logx + logy; x, y > 0

@ log.(ﬁ]ﬂog.x»bg.y;x,wo
(h) log, x” =plog,x; x > 0

® log, x=log,x; x> 0
1 :

() I09a3=@;x>0,)t#1

(k) log,x = log,x/loga ; x >0,a,b>0,b=1,a=1

M log,blog,clog.d=log,d;a, b c,d>0, =1

(m) goox—y;a>0a=1

(n) ™ = ema. abe>0;bx 1

@ logx<clagy © [x:-y if 0<a<l

) logx=logy=>x=y;x,y>0;a>0,a=z1

(q) elna"= a*

(r) log,,2 = 0.3010 ; log,,3 = 0.4771; {n2 = 0.693, ¢nl0 = 2.303
(s) If a> 1 then log,x<p=>0<x<aP

() If a>1then log,x>p=>x>aP

(w) 0 <a<1then log,x<p=>x>aP
(v If 0 <a <1 thenlog,x>p=>0<x<aP

1

x<y if a>1
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:L mfGONOMETRIC RATIOS & IDEN'ImES _E
. i _,....l

RELATION BETWEEN SYSTEM OF MEASUREMENT OF
ANGLES :

D G _2C

90 100 =

180
1 Radian = - degree ~ 57°17'15" (approximately)

1 degree = i—;YJ radian = 0.0175 radian

BASIC TRIGONOMETRIC IDENTITIES :

(@ sin?0+cos’B=1 orsin®=1-cos’ orcos’* @ =1-sin?0

(b) sec?B-tan*0=1 orsec?*B=1+tan* 0 ortan® 8 =sec? 61
1

(c) If sech + tanB = k = secB - tanf = k= 25ec0=k+%

(d) cosec’@—cot?0 =1 or cosec’® =1 + cot?0 or cot?d = cosec?’d 1

1
(e) If cosech + coth =k = cosech — cot = = 2cosec8=k+%

SIGNS OF TRIGONOMETRIC FUNCTIONS IN DIFFERENT
QUADRANTS :

90°, n/2
@ Il quadrant [ quadrant @
' only sine All + ve
& cosec + ve
180°, °, 360°,
: only tan & cot | only cos B aahen
+ ve & sec + ve
@ Il quadrant IV quadrant ©
270°, 3rn/2

2
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4. TRIGONOMETRIC FUNCTIONS OF ALLIED ANGLES :

(a) sin(2nm + 6) = sin 0, cos (2nn + 6) = cos B, wheren € |

(b) sin(-B)=-sind cos (-0) = cos 8
sin(90° - 8) = cosd cos(90° - 8} = sind
sin(90° + 8) = cosb cos(90° + 8) = —sin®
sin(180°~ 8) = sin® cos(180° - 8) = —cosB
sin(180° + 6) = —sinf cos(180° + 8) = —cosh
sin(270° - 8) = —cos0 cos(270° - 0) = —sinb
sin(270° + 0) = —cosO cos(270° + 8) = sind

Note:

() sinnn=0;cosnn=(-1); tan nn = O wheren € |
(i) sin(2n+1)%= (-1)7; cos(2n+1)%=0 where n el

5. IMPORTANT TRIGONOMETRIC FORMULAE :
(i) sin (A + B) = sin A cos B + cos A sin B,
(ii) sin (A — B) = sin A cos B - cos A sin B.
(iii) cos(A+B)=cosAcosB-sinAsinB
(iv) cos(A-B)=cosAcosB+sinAsinB

(vv tan(A +B)= %
(i) tan(A-B)= %
(vii) cotj(A +B) =%
(viii) cot(A-B)= %

(ix) 2 sin A cos B = sin (A+ B) + sin (A - B).
)  2cosAsinB=sin (A + B)—sin (A-B).
(x) 2 cosA cosB=cos(A+B)+cos(A-B)
(xii) 2 sin Asin B =cos(A-B)-cos(A + B)

3
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C+D C-D
(xiii) sinC+sinD=251n[ )cos[T]

(xiv) sinC—sinD=2cos[C+D} [ 2 ]

Cc-D
(xv) cosC+cosD=2cos[ 2 ] ( 2 ]

C+D -C
(xvi) cos C-cosD =2sin sin

2 2
i s G
(xvil) sin 20 = 2 sin 6 cos T
1-tan®0
= 29— ? = - - -— =
(rviil) c0s20 = cos?0—sin?0 = 2cos’0 -1 = 1-2sin%0 P
1
(xix) 1+cos20=2cos?@or cosB== + 0020
(xx) 1-cos20=2sin’Bor sinf == 1_02529

1-c0s20 _ sin20 ik 1-cos20

tan® =
) sin20  1+cos2  V1+cos2
2tanf
tan20 =
(xxii) 1-tan28

(xxiii) sin 30 = 3 sin 64 sin® 6.
(xxiv) cos 30 = 4 cos® 0 — 3 cosé.
3tanf —tan>@
1-3tan®6
(xxvi) sin? A - sin? B = sin (A+B). sin (A-B) = cos? B - cos? A.
(xxvii) cos® A - sin? B = cos (A+B). cos (A - B).

(o) tan30 =

s

4
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xxviii) sin (A + B + C)

= sinAcosBcosC + sinBcosAcosC + sinCcosAcosB

- sinAsinBsinC

= ZsinA cosB cosC — I1sin A

= cosA cosB cosC [tanA + tanB + tanC - tanA tanB tanC]
(xxix) cos(A+B+C)

=cosA cosB cosC - sinA sinB cosC —sinA cosB sinC

—cosA sinB sinC

= [Tcos A - Zsin A sin B cos C

= cosA cosB cosC [1 - tanA tanB - tanB tanC - tanC tanA]
(ox)tan (A + B + C)
_ tanA+tanB+tanC-tanAtanBtanC S, -S;
" 1-tanAtanB-tanBtanC-tanCtanA = 1-S,

(xxxi) sin a + sin (a+B) + sin (a+2p) +... sin (o + n-1 B)
) sin{a 4 [n—_él]ﬁ}m{-ng)
o s(j
2
(o) cos a + cos (a+p) + cos (o + 2B) + .... +cosla + n— 1p)
n-1 nB
i “{“*(T)ﬁ}“{ z)
A
2
VALUES OF SOME T-RATIOS FOR ANGLES 18°, 36°, 15°,
22.5°, 67.5° etc.

E=m?2o ——
4

\fg-l-l
4

10
v3-1 T
150,—_- — ° — —
(c) sin 203 cos75° =sin 2

(@) sinl8°=

T
=sin54° =cos—
i 5

(b) cos36°=

5
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7

J3+1 n
( 22 % 12

(e) tan —2 V3= ? —t:«.:ht--f-)-E

12
JE +1
B-1
31! n
(@) tan(225°) = y2 - 1=cot(67.5°) = cot 3 =tng
(h) tan(67.5°) = v/2 + 1 = cot(225°)
MAXIMUM & MINIMUM VALUES OF TRIGONOMETRIC
EXPRESSIONS :

(@) a cos B + b sin 6 will always lie in the interval

) tan?—;:2+f— t—

[-VaZ +b? JaZ +b?] i.e. the maximum and minimum

values are \/a? 4 b2, —yJa? + b2 respectively.

(b) Minimum value of a?tan?8 + b? cot? = 2ab, wherea, b >0

() —Ja2+b2+?aboos(u—ﬂ) < acos(a+0)+bcos(p+6)

£ Ja2 +b? + 2aboos{a — B) where a and p are known angles.

(d) Minimum value of a’cos? + b? sec?8 is either 2ab or a? + b?,
if for some real 8 equation acos® = bsech is true or not true
{a, b>0)

(e) Minimum value of a’sin?0 + b*cosec?0 is either 2ab or a? + b?,
if for some real 8 equation asin® = bcosech is true or not true
{a, b >0}

IMPORTANT RESULTS :

(a) sin 6 sin (60°-0) sin (60° + 6) = —smSﬁ

1
(b) cos 6. cos (60°-6) cos (60° + ) =+oos38

6
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(c) tan 0 tan (60° - 6) tan (60° + 6) = tan 30
(d) cot 0 cot (60°- @) cot (60° + 8) = cot 30

(e) (i) sin® 0 + sin? (60° + 6) + sin? (60° - 0) = %

3
(i) cos’ 6 + cos? (60° + 6) + cos? (60°-6) = >

(f) (i) Iftan A +tan B + tan C = tan A tan B tan C,
then A+B+C=nm,nel
(i) Iftan Atan B+ tan Btan C+tan Ctan A = 1,

then A+B+C=(2n+1)%,nel

sin(2" 0)
2" sin®

() cos B cos 20 cos 48 .... cos (271 8) =

(h) cotA - tanA = 2cot2A
9. CONDITIONAL IDENTITIES :
If A+ B+ C=180° then’
(@) tanA +tanB+tanC=tanAtan Btan C
(b) cotAcotB+cotBeotC+cotCcotA=1

(c) tan%tan% + tan%tan% + tan%tan% =1

A B C A B C
cot— + cot = + cot—= = cot = cot— cot —
(d) 2+cot2+ 5 5 2(:(:!&}2

(e) sin 2A + sin 2B + sin 2C =4 sinA sinB sinC
() cos 2A + cos 2B + cos 2C =—1-4 cosA cosB cosC

(g) sin A +sinB +sinC =4 cos %cosgcos%

(h) cosA+cosB+cosC=1+4 Sin—g—singsin%

7
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10. DOMAINS, RANGES AND PERIODICITY OF TRIGONOMETRIC

FUNCTIONS :

T-RatioDomain Range Period
sin x R -1,1] 2x
COoS X R -1,1] 2n
tan x R-{(2n+1)n/2 ; nel] R i

cot x R-Inn:nel R LA

sec X R-{2n+1)n/2:nel) (~o0,~1] L[1,) 2n
cosec X R-{nn:nel} (~o0,—1] U[1,00) 2n

11. GRAPH OF TRIGONOMETRIC FUNCTIONS :

(@) y = sinx "
1
; -3 -n/2 /2
X -2n -x o n 2n X
-1
vY
(b) v=cosx Y

(c) v = tanx

[T rote0e: 2016171 Ko
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N
() v =secx U k )
(-2r,1) jo.1) 2n.1) Y=1
K€ - >X
{=n,-1) {1} .
alna
® v- v
VY = CoSsecx \} \) y
&9
X< E ] > X
5-1 13- -
aNA

12. IMPORTANT NOTE :
(a) The sum of interior angles of a polygon of n-sides
=(n-2) x180° = (n - 2)r.
(b) Each interior angle of a regular polygon of n sides

= Mxlgoozin_:_z.’,m_
n n

(c) Sum of exterior angles of a polygon of any number of sides
= 360° = 2x.
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TRIGONOMETRIC EQUATION E

| pe————— -
TRIGONOMETRIC EQUATION :

An equation involving one or more trigonometrical ratios of unknown

angles is called a trigonometrical equation.

SOLUTION OF TRIGONOMETRIC EQUATION :

A value of the unknown angle which satisfies the given equations is
called a solution of the trigonometric equation.

(a) Principal solution :- The solution of the trigonometric equation
lying in the interval [0, 2x).

(b) General solution :- Since all the trigonometric functions are
many one & periodic, hence there are infinite values of 8 for
which trigonometric functions have the same value. All such
possible values of 8 for which the given trigonometric function
is satisfied is given by a general formula. Such a general formula
is called general solutions of trigonometric equation.

GENERAL SOLUTIONS OF SOME TRIGONOMETRIC

EQUATIONS (TO BE REMEMBERED) :
(@) Ifsin® =0, then 6 = nn, n € | (set of integers)

() 1fcos0 =0, then 6 = (2n+1) % nel
(c) ftan6=0,then®=nn,nel
(d) If sin 8 = sin a, then 8 = nnt + (-1)°a where © 6[ 2?: ;] nel

(e HcosO=cosa,thenB=2nmm+ta,nel acl0n]

() Htan6 =tana,thenB@=nn+a,nel, ue[%%]

(a) lfsin@-l,then8=2nn+% -(4n+1)%,nel

B

10
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(h) Ifcos@=1thenf=2nn,nel

(i) If sin? 0 = sin? at or cos? B = cos? o or tan? O = tan? o,
thenb=nnza,nel

i) Fornelsinnm=0andcosnn=(-1)",nel
sin(nm +0) =(-1)"sin 6
cos (nn + 6) = (=1)" cos B

(k) cosnn=(-1),nel

n-1

() If nis an odd integer then sin " = (-1) 2 ,cc:sE 0]
2 2
it % i
(m) s'm[%t+e] =(-1) 2 cos0, cos[?nﬂ%)] =(-1) 2 sin®
GENERAL SOLUTION OF EQUATION acos6 +bsinf=c:

Consider, asin8 +bcosO=c................ (i)

sin® + 2 cosl = :

a
Ja? + b2 JaZ + b2 va? +b?

equation (i) has the solution only if |c! < \Ja? + b

b

by introducing this auxiliary argument ¢, equation (i) reduces to

sin (0 + ¢) = "J"'EE—F
a

Now this equation can be solved easily.

GENERAL SOLUTION OF EQUATION OF FORM :
a,sin™X + a,sin™!x cosx + a,sin™% Xcos’X + .......... +acos"x =0
ay, A;yeee--...d, are real numbers

Such an equation is solved by dividing equation by cos"x.

11
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6. IMPORTANT TIPS :

(a) For equations of the type sin 6 = k or cos 8 = k, one must check
that | k | < 1.

(b) Avoid squaring the equations, if possible, because it may lead
to extraneous solutions. .

{c) Do not cancel the common variable factor from the two sides of
the equations which are in a product because we may loose
some solutions.

(d) The answer should not contain such values of 8, which make
any of the terms undefined or infinite.

(e) Check that denominator is not zero at any stage while solving
equations.
() (i) !f tan 6 or sec 8 is involved in the equations, 6 should not be

odd multiple of %
(id) If cot 6 or cosec 6 is involved in the equation, 6 should not be
integral multiple of = or 0.

(g) If two different trigonometric ratios such as tan 8 and sec 6 are
involved then after solving we cannot apply the usual formulae
for general solution because periodicity of the functions are not
same.

(h) If L.H.S. of the given trigonometric equation is always less than
or equal to k and RHS is always greater than k, then no solution
exists. If both the sides are equal to k for same value of 8, then
solution exists and if they are equal for different value of 6, then
solution does not exist.

12
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QUADRATIC EQUATION
i

SOLUTION OF QUADRATIC EQUATION & RELATION

BETWEEN ROOTS & CO-EFFICIENTS :
(a) The solutions of the quadratic equation, ax* + bx + ¢ = 0 is

b= Vb? -4ac
2a
(b) The expression b? — 4 ac = D is called the discriminant of the
quadratic equation.

(©) If a&B are the roots of the quadratic equation ax? + bx + c =0,
then ;
Ma+B=-ba @ oB=c/a (@) |a-p=vD/lal
(d) Quadratic equation whose rootsare o & B is(x- a)(x- B)=0

i.e.

givenby x =

x*-(a+B)x + af =0ie. x* - (sum of roots) x + product of
roots = 0.
NATURE OF ROOTS:

(a) Consider the quadratic equation ax? + bx + ¢ = 0 where a, b,
c ER&a z Othen;

(i) D> 0 < roots are real & distinct (unequal).
(ii) D =0 <> roots are real & coincident (equal)
(iii) D < 0 <> roots are imaginary.

(w)lf p+iq is one root of a quadratic equation, then the
other root must be the conjugate p — i q & vice versa.

(p,aeR &i= /7).
(b) Consider the quadratic equation ax? + bx + ¢ = 0

wherea,b,c e Q& a # 0then;
(i) If Dis a perfect square, then roots are rational.

13
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3.

(i) f oo =p+ \/C_l is one root in this case, (where p is rational
& Ja is a surd) then other root will be p - Jf_l

COMMON ROOTS OF TWO QUADRATIC EQUATIONS

(a) Only one common root.
Let o be the common root of ax? + bx +c =0 & ax?* +bx+c' =0
thenaa?+ba +c=0 & aa?+ba+c =0.ByCramer's

o? o 1

bc-b'c ac-ac ab- a'b
o ca'-c'a _be'- b'c
Therefore, & =7 = 7 o

Rule

So the condition for a common root is
(ca' - c'a)? = (ab' - a'b)(bc- b')
ant. b .6

(b) If both roots are same then A e
ROOTS UNDER PARTICULAR CASES
Let the quadratic equation ax® + bx + ¢ = 0 has real roots and
(@) lf b=0 = roots are of equal magnitude but of opposite sign
(b) If c =0 = one roots is zero other is — b/a
(c) If a=c = roots are reciprocal to each other

a>0c<0
(d) If s cDesol = roots are of opposite signs
0,b>0,c>0
(e) If Z :0 b : 0 z : 0} =  both roots are negative.
) If 2 z gz : gz z g} = both roots are positive.

(g) lfsignofa=signofb=signofc =  Greater root in
magnitude is negative.

(h) Ifsignof b=signof c #signofa =  Greater root in
magnitude is positive.

(i fa+b+c=0= onerootis 1 and second root is c/a.

14
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MAXIMUM & MINIMUM VALUES OF QUADRATIC EXPRESSION :

-D
Maximum & Minimum Values of expression y = ax? + bx + cis Y

which occurs at x = — (b/2a) accordingas a<0Qora> 0.

ye|:_—D~,w]ifa>0 & ye(—w,ﬁ]ifa<0.
da 4a

LOCATION OF ROOTS:

Let fix ) =ax? + bx + ¢, wherea,b,c eR,a=0

(a) Conditions for both the roots of f(x) = O tobe greater than
a specified number 'd'are D > 0; a.f(d) > 0 & (-b/2a) > d.

DATA

(b) Conditions for the both roots of f(x ) = 0 to lie on either side of
the number ‘d’ in other m}:ords the number ‘d’ lies between the
roots of f(x) = 0is a.f(d) < 0.

\/ =
N / d \
(c) Conditions for exactly one roct of f(x) = 0 to lie in the interval
(de)ie.d <x <eis f(d). f(e) < O
\ e / LN
d N/ Ey e \

(d) Conditions that both roots of f(x) = 0 to be confined between
the numbers d & e are (here d < e).

15
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D2>0;a.f(d) >0 & af(e) >0; d <(-b/2a) <e

LAy ey
d N/ ¢ / \
GENERAL QUADRATIC EXPRESSION IN TWO VARIABLES :

f(x,v) =ax’ + 2 hxy + by* + 2gx + 2 fy + ¢ may be resolved into
two linear factors if ;

a h g
A = abc + 2fgh—af ~bg?~ch*=0 OR |h b f|=0
g f c
THEORY OF EQUATIONS :
B 00 Bigpensrorans a,, are the roots of the equation ;

n n1 n-2 -
fix) =a,x" +a, x™ +a,x"" + ... +a_ x+a =0 where a,,
a_are constants a, # O then,

2 2z
To, =——, Ta,0, =+—, Xa,0q,0,
ao aD .
a a
=—— ... (0 g = (=1) =
ag 4y

Note :

() Every odd degree equation has at least one real root whose
sign is opposite to that of its last term, when coefficient of highest
degree term is (+)ve {If not then make it (+) ve}.
Ex.x*-x*+x-1=0

(ii) Even degree polynomial whose last term is (-Jve & coefficient
of highest degree term is (+)ve has atleast two real roots, one
(+)ve & one (-)ve.

(i) If equation contains only even power of x & all coefficient are
(+)ve, then all roots are imaginary.

16
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| SEQUENCE & SERIES |

ARITHMETIC PROGRESSION (AP) :

AP is sequence whose terms increase or decrease by a fixed number.
This fixed number is called the common difference. If ‘a’ is the
first term & 'd’ is the common difference, then AP can be written as
a,a+d a+2d,.......a+(n=-1)d,......

(a) n™ term of this AP |T,=a + (n-1)d|, whered=T, -T, |

[a+ 1]

(b) The sum of the first n terms : |S, = %[22: +{n-1)d] =

(ST

where [ is the last term.

(c) Alson® term

Note :

(i) Sum of first n terms of an A.P. is of the form An*+ Bn i.e. a
quadratic expression in n, in such case the common difference
is twice the coefficient of n?. i.e. 2A

(ii) n® term of an A.P. is of the form An + B i.e. a linear expression
in n, in such case the coefficient of n is the common difference
ofthe AP.ie A

(iii) Three numbers in AP can be taken as a - d, a, a + d; four
numbers in AP can be takenas a-3d,a-d,a+d, a+ 3d
five numbersin APare a—2d,a-d, a,a+d,a + 2d & six
termsin AP are a—5d,a-3d,a—d,a+d,a+ 3d,a+ 5d etc.

(iv) If for A.P. p" term is q, q"term is p, then r termis=p +q-r
& (p + @™ term is 0.

(V) If a, a,, a,...... and b, b,, b, ......... are two A.Ps, then
By b, D, B E B are also in A.P,

(vi) (@) If each term of an A.P. is increased 6r decreased by the

same number, then the resulting sequence is also an A.P.
having the same common difference.

17
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(o) If each term of an A.P. is multiplied or divided by the same
non zero number (k), then the resulting sequence is also an
A.P. whose common difference is kd & d/k respectively,
where d is common difference of original A.P.

(vii) Any term of an AP (except the first & last) is equal to half the
sum of terms which are equidistant from it.

Tr—k + Tr+k
2

GEOMETRIC PROGRESSION (GP) :

T = . Ky

GP is a sequence of numbers whose first term is non-zero & each of
the succeeding terms is equal to the preceeding terms multiplied by
a constant. Thus in a GP the ratio of successive terms is constant.
This constant factor is called the COMMON RATIO of the series &
is obtained by dividing any term by the immediately previous term.
Therefore a, ar, ar?, ar?, ar* , .......... is a GP with 'a" as the first
term & 'r' as common ratio.

@ o tem
a(r" -1)

(b) Sum of the first n terms S,.,-—-—;_—:—-l—, ifrel

(c) Sum of infinite GP when |r|<1 & n—®, 1" >0

a
Sm—:;h’l«:l

(d) Any 3 consecutive terms of a GP can be taken as a/r, a, ar;
any 4 consecutive terms of a GP can be taken as a/r*, a/r,
ar, ar® & soon.

(e) lfa,b,carein GP = b* =ac = loga, logb, logc, arein A.P.

18
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() Inan G.P. product of k™ term from beginning and k* term from
the last is always constant which equal to product of first term
and last term.

(i) Three numbersin G.P. : a/r, a, ar

Five numbersin G.P. : a/r?, a/r, a, ar, ar?
Four numbersin G.P. : a/r®, a/r, ar, ar®
Six numbersin G.P. : a/r®, a/r®, a/r, ar, ar?, ar’®

(i) If each term of a G.P. be raised to the same power, then resulting
series is also a G.P.

(iv) If each term of a G.P. be multiplied or divided by the same
non-zero quantity, then the resulting sequence is also a G.P.

b o, a8, . and b, b,, b,, ....... be two G.P.'s of common
ratio r, and r, respectively, then ab,, a,b, ..... and
8 2 8

» v ...... will also form a G.P. common ratio will be r, r
b, b, bs ks

I,
and - respectively.
LF]
(vi) In a positive G.P. every term (except first) is equal to square root
of product of its two terms which are equidistant from it.

i.e. Tr= -JT,._kT,._h v k<r

(vii) If a,, a,, a;.....a, is a G.P. of non zero, non negative terms,
thenloga,, log a,,.....log a, is an A.P. and vice-versa.

3. HARMONIC PROGRESSION (HP) :
A sequence is said to HP if the reciprocals of its terms are in AP,
If the sequence a,, a, a,, ....... , a, is an HP then 1/a,

¥ a H]
5. TRRSOR, , 1/a_isan J&P &Bconverse. Here we do not have the
1 formula for the sum of the n terms of an HP. The general form of a

1 1 1 1

harmonic progression is a'atd'a+2d”""""a+(n-1)d

Handbook_Mat's Formuls Book Erg)\ English pih

Note : No term of any H.P. can be zero. If a, b, ¢ are in

Hp:;,b:.?f’,& - a_a-b
a+c ¢ b-c

TT] rodetil 201617\ Koka) JEE
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4. MEANS
(a) Arithmetic mean (AM) :

If three terms are in AP then the middle term is called the AM
between the other two, soif a, b, carein AP, bis AM of a & c.

n-arithmetic means between two numbers :

If a,b are any two given numbers & a, A, A,, ........ A, bare
in AP then A , A,,...A are the n AM's between a & b, then
b-a

A=a+d A,=a+2d,...,A=a+nd, whered=—-r0
B n+1

Note : Sum of n AM's inserted between a & b is equal to n times

n
the single AM betweena & bie. ) A, =nA where A is the
r=1

single AM between a & b.

(b) Geometric mean (GM) :
If a, b, c are in GP, b is the GM between a & ¢, b? = ac,
therefore b =fac .

n-geometric means between two numbers :

If a, b are two given positive numbers & a, G, G,, ........, G,
b are in GP then 61,62,63, ...... G, aren GMs between a &b.
G=ar,G, =ar, ..... G=ar", where r=(b/a)/™!

Note : The product of n GMs between a & b is equal to nth

n
power of the single GM between a & bi.e. 1']1 G, =(G)" where
r=

G is the single GM betweena & b
(c) Harmonic mean (HM) :

If a, b, care in HP, then b is HM between a & c, then b -% :
Important note :
() IfA, G, H, are respectively AM, GM, HM between two positive
number a & b then

m rode06h 201517V Kot JEE(dvanced | Lead Maths\ Sheet\ Hardbook_Maths Formuls Book Engl\ Engleh plis.

20



FTT o081 2006-171 Kom\JEEIAGvanced Lades Mt Shaes \ Hasdbonk_Mars! Formuls Book (Erg) Engasn 16t

(@) G* =AH (A, G, HconstituteaGP)  (b) A>2G=H
€ A=G=H=a=b

(ii) Leta,, a,,...... ;a, be n positive real numbers, then we define
their arithmetic mean (A), geometric mean (G) and harmonic

o
mean (H) asA = o Wil n

It can be shown that A > G > H. Moreover equality holds at either
placeif andonlyifa, =a, =.....=a
ARITHMETICO - GEOMETRIC SERIES :

Sum of First n terms of an Arithmetico-Geometric Series :

Let S, =a+(a+dr+(a+ 2d}r2 - +la+(n-1)dp"?
a drl-r"1Y) [a+(n-1d]
S = - : 1
then n 1—!.'+ (1—1’)2 1-r L#
Sum to infinity :
If <1 & n—>o then Lim"=0 = Snc:i+7dr2
n—:® 1-r {1 = 1-)

SIGMA NOTATIONS
Theorems :

n n n n n
@@ Xl tb)=>a 1y b ®) 2 ka, =k) a

r=1 r=1 r=1 r=1 r=1

(c) Zk =nk ;wherek is a constant.

r=1

21
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7.

RESULTS

(a) ir = n{n2+ 1 (sum of the first n natural numbers)
r=1

(b) Z r? w (sum of the squares of the first n natural

numbers)

3 2[!1 +1)2 n 2
() Z [Z T] (sum of the cubes of the first n

r=1 r=1

natural numbers)

@ gr“ = 35+ 12+ 130 +3n-1)

A

22
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FUNDAMENTAL PRINCIPLE OF COUNTING (counting
without actually counting):
If an event can occur in ‘m’ different ways, following which another
event can occur in ‘n’ different ways, then the total number of different
ways of
(a) Simultaneous occurrence of both events in a definite order is m
x n. This can be extended to any number of events (known as
multiplication principle).
(b) Happening of exactly one of the events is m + n (known as
addition principle).

FACTORIAL :

A Useful Notation : n'=n(n-1){n-2) ...... 3.2 1.

nl=n.(n-1) wherene W

ol=1=1

@n)!=2". nl[1.3.5.7......(2n-1)]

Note that factorials of negative integers are not defined.

PERMUTATION :

(a) "P, denotes the number of permutations of n different things,
takenratatme(ne N,re W n2r)

!
npr =nin-1)(n-2)........... (n—r*'l)“(nr_l'r}!

(b) The number of permutations of n things taken all at a time when
p of them are similar of one type, q of them are similar of
second type, r of them are similar of third type and the remaining

n!

p! gl r!’

(c) The number of permutation of n different objects taken r at
a time, when a particular object is always to be included is
.0,

n —(p + q+ 1) are all different is :

23
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(d) The number of permutation of n different objects taken r at a

time, when repetition be allowed any number of times is

(@ () The number of circular permutations of n different things
n Pﬂ

taken all at a time is ; (n— 1)! =

If clockwise & anti-clockwise circular permutations are
(n-1)!
2

(ii) The number of circular permutation of n different things
taking r at a time distinguishing clockwise & anticlockwise

considered to be same, then it is

n
4

arrangement is —
r

4. COMBINATION:
(@) "C, denotes the number of combinations of n different things

1 n
taken r at a time, and "C, o LU, S P wherer<n;ne
rlln-r)! r!

Nand r € W. "C, is also denoted by (n] or A" or Cn, 1).
r

(b) The number of combination of n different things taking r at a
time.
() when p particular things are always to be included = “""Cr_p
(if) when p particular things are always to be excluded = " ~PC

r

(ki) when p particular things are always to be included and
q particular things are to be excluded =" "P~ qu_p

(c) Given ndifferent objects , the number of ways of selecting atleast

one of themis, °C; + "C; + "C3 +.......+ "C, = 2" - 1,
This can also be stated as the total number of combinations of n
distinct things.

24
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(d) (i) Total number of ways in which it is possible to make a selection
by taking some or all out of p + q + r +......things, where p
are alike of one kind, g alike of a second kind, r alike of third
kind & soonisgivenby: (p+ 1) (q+ 1) (r + 1)......... -1.

(ii) The total number of ways of selecting one or more things

from pidentical things of one kind, q identical things of second
kind, r identical things of third kind and n different things is
p+1(g+1)(r+1)2"-1

5. DIVISORS:

LetN =p? q°.1° ... where p, g, I....... are distinct primes & a,
b, ¢....... are natural numbers then :

{a) The total numbers of divisors of N including 1 & N is
=fa+1)(b+1)(c+1)....

(b) The sum of these divisors is = (p? + p! + p2 + ...+ p?)

[qo ) ql g q2 + ..+ qb} (ro i+ 4 1)

(c) Number of ways in which N can be resolved as a product of two
factor is =

% (@a+1) (b+1) (c+1)...... if N is not a perfect square

{d) Number of ways in which a composite number N can be resolved
into two factors which are relatively prime (or coprime) to each
other is equal to 2" where n is the number of different prime
factors in N.

6. DIVISION AND DISTRIBUTION :
(@) (i) The number of ways in which (m + n) different things can be
divided into two groups containing m & n things respectively

(m+n)!

is : ml al (m # n).

25
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(i) If m = n, it means the groups are equal & in this case the

(2n)!
n! n!

number of subdivision is Tk for in any one way it is
possible to inter change the two groups without obtaining a
new distribution.

(iii) If 2n things are to be divided equally between two persons

(2n)!

LM o
nlnl @)

then the number of ways =

(b) () Number of ways in which (m + n + p) different things can
be divided into three groups containing m, n & p things

~ (m+n+p)!
respectively is ol vl bl pl m#n#p.
(3n)!
(ii) If m = n = p then the number of groups = Tl el B

(iid) If 3n things are to be divided equally among three people

(3n)! i

then the number of ways in which it can be done is E’F ;

(c) In general, the number of ways of dividing n distinct objectsinto |

¢ groups containing p objects each ,m groups containing q objects

nl(f+m)! :

each is equal to (p!)( (q!]m oim! .
Here {(p + mg=n

(d) Number of ways in which n distinct things can be distributed to |

p persons if there is no restriction to the number of things received |

by them = p" i

(e) Number of ways in which n identical things may be distributed f

among p persons if each person may receive none, one or |

more things is ; “*p‘ICn,

26
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‘Number of ways in which n letters can be placed in n directed
envelopes so that no letter goes into its own envelope is

8. IMPORTANT RESULT :

(a) Number of rectangle of any size in a square of size n X n is

n n
3 G 2
ZT & number of square of any size is Zr .
=]

r=1

(b) Number of rectangle of any size in a rectangle of size n x p

(n<p)is r;—p{ﬂ +1)p+1) & number of squares of any size is

i(n+1-r}(p+1—r)

(c) If there are n points in a plane of which m(<n) are collinear :
(i) Total number of lines obtained by joining these points is
Cy=TCy+ 1
(ii) Total number of different triangle "C4 - ™Cy
(d) Maximum number of point of intersection of n circles is "P, &
n lines is "Cy.

27
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E BINOMIAL THEOREM

b

(X + Y = "Cox"+ "Cx™y + "Cx*2yf+ ... +"Cx™y + ... +°C ¥

= Z"C,x“"y’., where ne N,
r=0

IMPORTANT TERMS IN THE BINOMIAL EXPANSION
ARE : '

(a) General term: The general term or the ( r +1)* term in the
expansion of (x + y)"is given by

T, om0 X, of
(b) Middle term :
The middle term (s) is the expansion of ( x + y)" is { are) :

(i) If nis even, there is only one middle term which is given by
Yo o= "Cop xR g7

(ii) If nis odd, there are two middle terms whichare T &

In+1y/2
Tllm- 1/2)+1

(¢) Term independent of x :

Term independent of x contains no x ; Hence find the value of
r for which the exponent of x is zero.

If (/A +B)" =1+ 1, wherel & nare positive integers & 0<f<1,
then

(@ (0+0).f=K ifnisodd&A-B*=K>0

®) (+H1-f=k ifniseven& VA-B<l

28
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SOME RESULTS ON BINOMIAL COEFFICIENTS :
(a) "C_="Cy = X=y orx+y=n

(b) nCr—l + nCr =M1Cr

(& & ol |
Cop+—24=24.... n_ =
(© %o 2 % 3 & n+1 n+1
’ 0 B IC (-1°C 1
i IR e R L 0o
@ G 23 4 n+l n+l
(e C+C+C,+......=C =2r

M C+C+Ct+.unns = C+ G+ Cot i = 2rl

(@ C,j+ C %+ Cl+....+ C2 = #C = =0

(Zn)!

M) C,C+C.C +C,C +.......+CMCn=m_—r]*!

r+2

Remember : (2n)!=2".n![1.3.5......(2n-1)]
Greatest coefficient & greatest term in expansion of (x + a)" :
(a) If n is even greatest coefficient is "C_,,

n n
If n is odd greatest coefficient is an_-_l. or C"T*l

(b) For greatest term :

=
+
|

T&T, if is an integer

+1

Greatest term = 1
is non integer and e(g, g + 1), g €l

+1

q+l

=
O x 0 ox
3.

N
o
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5.

BINOMIAL THEOREM FOR NEGATIVE OR FRACTION,
INDICES :

nin-1) nin-1}n-2)

Ifne Qthen(l +x)"=1+mx+ 31 x*+ 31 »
S o provided | x | < 1.
Note :
B A-x"'=1+x+x2+x+ ccovvrreee. @
i Q+x)'=1-x+x-x"+ oo @
(i) (1-%%2=1+2x+3x2+4x% + ...ooouneen. @
(V) 1+x)2=1-2x+3x?-4x¥ + ........... w0
EXPONENTIAL SERIES :
x x* x°
(@) e = 1+—ﬁ+~§!~+§+ ....... @ ; where x may be any real or
complex number & e = Lim [1 +—i-]
X x? %
) o= 1+ﬂ€na+afnza+§fn5a+.......co' wherea> 0,
LOGARITHMIC SERIES :
(a) fn(1+xi=x—£+ﬁ—£ ....... oo, where-1 <x<1
2 3 4
) in(l-x)=-x —«’f?—z—%i—%—.......w.where -1<x<1

d+x) [ 8 % \
(c) n m=2 LK+§+€+ ....... coJI xl<1

30
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COMPLEX NUMBE

T —

DEFINITION :
Complex numbers are defined as expressions of the form a + ib

where a,be R & i-\[-_l. It is denoted by z i.e. z=a+ib.

‘a’ is called real part of z (Rez) and 'b'is called imaginary part
of z(Imz).
Every Complex Number Can Be Regarded As

|
l | |

Purely real Purely imaginary [maginary
ifb=0 ifa=0 ifb=0
Note :

(i) Theset R of real numbers is a proper subset of the Complex
Numbers. Hence the Complex Number system is
NeWcleceQecRceC.

(ii) Zero is both purely real as well as purely imaginary but
not imaginary.

(iii)i = /-1 is called the imaginary unit. Also i2=-1; i¥=-i;

i* =1 etc.
(iv) Ja Jb = Jﬁ only if atleast one of either a or b is non-
negative.

CONJUGATE COMPLEX :
If z=a+ib then its conjugate complex is obtained by changing

the sign of its imaginary part & is denoted byZ.ie. Z =a-ib.
Note that :

) z+ 7z = 2Rel?

Gii) z-Z = 2iIlm(2

(iii) zz =a?+b? which is real

(iv) If zis purely real thenz-Z =0

(v) If zis purely imaginarythenz +Z =0

31
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3.

REPRESENTATION OF A COMPLEX NUMBER IN VARIOUS
FORMS :

(a) Cartesian Form (Geometrical Representation) :
Every complex number z=x+iy can A |maginary
be represented by a point on the axis P(x, y)
cartesian plane known as
complex plane (Argand diagram) I
by the ordered pair (x , y).
Length OP is called modulus of s
the complex number denoted by 3
|z| &© is called the argument or
amplitude.

»

Real axis

e.q. lz|=Jx? + y? & 6 = tan! % (angle made by OP with

positive x—axisf
Gleolrnetrically z| represents the distance of point P from origin.
(lz]| 2 0)

(b) Trigonometric / Polar Representation :
z=r(cos 6 +isin 0) where lz]|=r ;arg z=0 ; Z =r (cosO-isin€)
Note : cos 0 + isin 6 is also written as CiS 6.

Euler's formula :

The formula e® = cosx + i sin x is called Euler's formula.
i —ix e -

+e
& sinx = o are known as
i

Also cos x =

Euler's identities.
(c) Exponential Representation :
Let z be a complex number such that |[z|=r & argz = 6,

then z = r.e®
IMPORTANT PROPERTIES OF CONJUGATE :
(@ @ =2z ®) z,+2, =7+ 7

© z2,-2,=2-2 (@ zz2 =37.7%

o2

L |,_g~a|

; ,#0 (@ I flo+ip) =x +iy= fle—if) =x-iy

32
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IMPORTANT PROPERTIES OF MODULUS :

(@) |22 0 ®) 2> Rel (o) Jz/>Im (2
@ lz=1Z|=F2d=FZ| @zZ=l4 B I2l=lzlkl
@ -2 20 ®pr-pe

Zgy Z,

- 2 2 Z
@ lzy+z1%2=lzl2+ |z, +2Re(zlzz)
- 2 2 -
or Iz +z,l lz 12+ lz,12 + 21z,| 12,] cos(6, - 8,)

G |z, + 22|2 + |z, - zz,|2 =2 [|21|2 +|22[2]
®) | |21|—|22| | < |Z,+22‘ < |Z1| + |22|' [Triangle Inequality]

(1] ||Zl|—|22]|S|Z,—22|S]z,|+|zz1 [Triangle Inequality]
2
(m) If z+% S0 hanmanlal = ELIEHE “2“’4

& min |z|=%(\/az+4—a)

IMPORTANT PROPERTIES OF AMPLITUDE :

(@) amp(z,.2z) =amp z +ampz, + 2kn; kel

(b) amp {2—1] =ampz -ampz, +2kn; kel
Zy
{c) amp(z") = n amp(z) + 2kn, where proper value of k must be
chosen so that RHS lies in (-n, =]

(d) log(z) = log(re®) = logr + i0 = log | z| +i amp(2)
DE'MOIVER'S THEOREM :

The value of (cos8 + isin@)" is cosn® + isinn® if 'n' is integer & it is one
of the values of (cos® + isinB)" if n is a rational number of the form p/

q, where p & q are co-prime,

Note : Continued product of roots of a complex quantity should be
determined using theory of equation.

33
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8. CUBE ROOT OF UNITY :

-1+i43 = l?n/3
2

(a) The cube roots of unityare 1 , o =

s iv3 _ oién/3
2

®) 1+ o+ o0®=0,o0=1,in general

& o

0 r is not integral multiple of 3

T 2r
s o [3 r is multiple of 3

(c) a? + b? + ¢ - ab-bc—-ca = (a + bo + co’)a + bo? + co)
a’® + b = (@ + b)lao + ba?)an® + bw)
a’ - b?® = (a - b){a —wb) (@ - w’b)
X +x+1=(x-o)x-o?

9. SQUARE ROOT OF COMPLEX NUMBER :

Jatib=2 {J?—I;a +i “izL"a] forbs 0

‘fz+a ,”z—a
& :{ ||2 ~i [2 }forb<0wherelzl=\faz+b2.

10. ROTATION: Clzy)
(2, ~2y ) 12, ~25]
Take 6 in anticlockwise direction Alz) 9 Biz)

11. RESULT RELATED WITH TRIANGLE :
(a) Equilateral triangle :

2, —2 27— 2 3 .
1 2. .. 23 2 eill/ ""“{‘}
( £

Ao #=%.e'“’3 st

34
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12.

13.

from [i] & (ii)

Alz)

= ZF +2E +2E = 2,2, + 2,24 + 252,

1 1 1
or + + =]
2y=2p Z;-Z3 23-1

B(z,)
(b) Isosceles triangle :

dcos’a (z, -z, )z, - z,)) = (z, - 2,/
1 %
(c) Area of triangle AABC given by modulus of a2
Z3

EQUATION OF LINE THROUGH POINTS z, &z,

NN N

z z 1
2, 3 1=0= z(z,-3) +Z(z, - 2,) + 2,7, - 2,2, =0
zy Z, 1

= 27, - )i+ Z(z, - 2,)i+i(z,2, - Z,2,) =0

Let (z, — z,)i = a, then equation of line is where ae
C&beR
Note :

a
(i) Complex slope of line az+az+b=0 is -3

(i) Two lines with slope i, & p, are parallel or perpendicular if
Hi=H, OTH; + 1, =
(iii) Length of perpendicular from point A(e) to line 3z +az +b =0

laa+ac+bl
2lal

is

EQUATION OF CIRCLE :
(a) Circle whose centre is z; & radii = r

Iz-zul =r

35
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14.

(b) General equation of circle
zz+az+az+b=0

centre -a' & radii =+/]al? -b

(c) Diameter form (z-2z,(zZ-7%) +(z-2,)(Z-7%)=0

or arg(zﬂzl]=:tE

z-z, 2
(d) Equation z_:l =k represent a circle if k # 1 and a straight line
g
if k=1. \
(e) Equation lz-z I? + lz-2z,1* =k Pz)
4
represent circle if ka%lz1 -z, 1%
’ B A
(i} arg(z_q]:a O<ac<m, aaﬂ% L _-_‘,.-"
.

represent a segment of circle passing through A(z,) & B(z,)
STANDARD LOCI :

(@) lz-z | + lz-2z,| = 2k (a constant) represent
@ if2k> 1z, -2z, = Anellipse
(i) f 2k = Iz, -2z,| = Alinesegment
(i) If 2k < Iz, -2z,| = Nosolution
(b) Equation | lz—z |- lz-2z,] |= 2k (a constant) represent
(@ f2k<lz -2z = Ahyperbola
() If 2k =1z, -2z, = Alineray
(i) 2k > 1z, -z, | = No solution

B
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- ————————————]
DETERMINANT !

" ———

MINORS :

The minor of a given element of determinant is the determinant of
the elements which remain after deleting the row & the column in
which the given element stands.

a, b ¢
3 A ; c
For example, the minorof 2, in |a, b, ¢, |is | * ?| & the
b 3 Ca3
2z b3 €
. 1A G
minor of b, is S
a3 Ca

Hence a determinant of order three will have * 9 minors”.

COFACTORS :
If M, represents the minor of the element belonging to i row and j*
column then the cofactor of that element : C,= (-1, M,;

Important Note :

a, a, ag
Consider A= |b, b, b,

€ € G
Let A, be cofactor of a,, B, be cofactor of b, and so on, then,
@ aA +bB +cCi=aA +aA+aA;= . = A
() a,A,+b,B,+¢,C,=bA +bA, +bA = .......=0

PROPERTIES OF DETERMINANTS:

(@) The value of a determinants remains unaltered, if the rows &
columns are interchanged.

(b) If any two rows (or columns) of a determinant be interchanged,
the value of determinant is changed in sign only. e.g.

a, by ¢ a, b, ¢,
ag by ¢4 a; by cy
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{(c) If a determinant has any two rows (or columns ) identical or in
same proportion, then its value is zero.

(d) If all the elements of any row (or columns) be multiplied by the
same number, then the determinant is multiplied by that number.

a;+x by+y ¢ +z |8, by ¢| [x y oz
(e) | 22 b, ¢, |=faz by c+@, b, ¢
ag b, C3 a; by ¢ jag by ¢y

() The value of a determinant is not altered by adding to the

elements of any row (or column ) the same multiples of the
corresponding elements of any other row (or column) e.g.

a, b ¢
Let D = az bz CE
ag by ¢

a,+ma, b,+mb, c,+mc, :
D= a, bz Cy .ThenD'=D.
ag+na; by+nb, c53+nc
Note : While applying this property ATLEAST ONE ROW
(OR COLUMN) must remain unchanged.
(g) If the elements of a determinant A are rational function of x
and two rows (or columns) become identical when x = a, then x
- ais a factor of A.

Again, if r rows become identical when a is substituted for x,
then (x — a)*! is a factor of A.

i & &

() If D(x)=|g, g, g3|, wheref,g,h;r=1, 2 3 are three
h, h, h,
differential function.

p f; f9 f9l |h K K] |§ £ £
then H;D(xhg; g, g3(+{g; g5 g5+|a; @& G
h, h, hgl [h; h, hy| |, h}, hi
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4. MULTIPLICATION OF TWO DETERMINANTS :
a,l,+b,,, am;+bm,
ayly+byl, a;m;+b,m,

a, b
a, b,

L m
l, my

Similarly two determinants of order three are multiplied.
(a) Here we have multiplied row by column. We can also multiply
row by row, column by row and column by column.
(b) If D' is the determinant formed by replacing the elements of
determinant D of order n by their corresponding cofactors then
D‘ - Dn—l
5. SPECIAL DETERMINANTS :
(a) Symmetric Determinant :
Elements of a determinant are such that a = o
a h g
eg. |h b f |=abc +2fgh—af® — bg® —ch?
g fc
(b) Skew Symmetric Determinant :
If a, = —a, then the determinant is said to be a skew symmetric
determinant. Here all the principal diagonal elements are zero.
The value of a skew symmetric determinant of odd order is zero
and of even order is perfect square.

0 b —
eg. |-b 0O a|=0
c -a 0
(c) Other Important Determinants :
1 1 1 I 1 1
@ [a b c [=|abc = (a-b)b-clic-a)
bc ac ab a? b? ¢?
1 1 1
@ |a b c =(a-b)b-c)lc—alla+b+c)
a3 b:] c3
1 1 1
(iii) | a* b* c* |= (a-b)(b-clc-a)(ab+bc+ca)
a® B ¢
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1 (e g
(ivja b c
il il

6. SYSTEM OF EQUATION :

S

= (a—-b)(b-c)(c-a)(a® +b? +c? —ab-bc —ca)

(a) System of equation involving two variable :
ax+by+c, =0
ax+by+c,=0

! t
Consistent Inconsistent
(System of equation has solution) (Systern of equation
1 has no solution)
’ v a b ¢
. . - . B
unique solution Infinite solution . #
a, b a_b _g 82 D2 C
N o b € (Equations represents

2 Dy
or a,b,—ab# 0
(Equations represents
intersecting lines)

(Equations represents
coincident lines)

B Aem b o % o a, b
< b, ¢ Cp @y a, b,
bic, — byey 8,C; — &,Cy

or |X= b b 7 V= b b

2,05 — 8,0, 2,0, — 8,0y

parallel disjoint lines)

, then x=ﬁ, 5,;=ﬁ
A A

(b) System of equations involving three variables :

ax+by+cz=d
ax + by +cz=d,
ax + by +cz=d,

To solve this system we first define following determinants

a, b ¢ dy by
A= |2 by ¢ A=|dy by
az by ¢ d; by
a, d, ¢, a; b
Az = | 8y dz Ca |, AS = |8 b2
a; dy ¢ a; b,
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Now following algorithm is used to solve the system.

Check value of A
]

4

1—.

Az0 A=0
Consistent system Check the values of
and has unique solution A, A, and A,
pll, g BB o B
A A A
Atleast one of A,, A,and A, A=A=A,=0
is not zero 1'
l Put z = t and solve any
Inconsistent system two equations to get the
values of x & y in terms of t
If these values of x, y and z in The values of x, y, z doesn't
terms of t satisfy third equation satisfy third equation
Consistent system Inconsistent system
(System has infinite solutions)
Note :

(i) Trivial solution : In the solution set of system of equation if all
the variables assumes zero, then such a solution set is called
Trivial solution otherwise the solution is called non-trivial solution.

(i) Ifd, =d, =d, = O then system of linear equation is known as
system of Homogeneous linear equation which always posses
atleast one solution (0, 0, 0).

(iii) If system of homogeneous linear equation posses non-zero/non-
trivial solution then A = 0.

In such case given system has infinite solutions.
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5 MATRICES i

R ——————
INTRODUCTION :
A rectangular array of mn numbers in the form of m horizontal lines
(called rows) and n vertical lines (called columns), is called a matrix

of order m by n, written as m xn matrix.
In compact form, the matrix is represented by A=[au]m.

SPECIAL TYPE OF MATRICES :

(a) Row Matrix (Row vector): A=[a, ,a,,, ..........a, ] i.e. row
matrix has exactly one row.

an
(b) Column Matrix (Column vector) : A = a‘ﬂ i.e. column

a

ml

matrix has exactly one column,
(c) Zero or Null Matrix : (A=0__ ), An m x n matrix whose all

entries are zero.

(d) Horizontal Matrix : A matrix of order m x n is a horizontal
matrix if n > m.

(e) Vertical Matrix : A matrix of order m x n is a vertical matrix
ifm>n.

() Square Matrix : (Order n) If number of rows = number of

column, then matrix is a square matrix.
Note :

() The pair of elementsa, & a, are called Conjugate Elements,

(i) The elements a,,, a,,, a,....... a,, are called Diagonal
Elements. The line along which the diagonal elements
lie is called "Principal or Leading diagonal. "The quantity
2 a, = trace of the matrix written as, t (A)

42
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3. ~ SQUARE MATRICES

SQUARE MATRICES
I
| |
Triangular Matrix Diagonal Matrix denoted as
| A =diag (a;; , 355 - ... , Ay
I where a; =0 fori#]
1 3 -2 1 0 0
A=|0 2 4 ;B=|2 -3 0
0 O b 4 3 3
Upper Triangular Lower Triangular
=0V i>j =0V i<j
|
| 1
Scalar Matrix Unit or Identity Matrix
a 00
14 §mj
0 a O = G A
0 0 a ! [0 lf I-?E]
fa.2%, =a,=2 If ay=a,=a;=1
Note :
(i) Minimum number of zeros in triangular matrix of order n
=n(n-1)/2.
(ii) Minimum number of zeros in a diagonal matrix of order n
=n(n-1).

4. EQUALITY OF MATRICES :

Let A=a]&B= [b”] are equal if,
(a) both have the same order. (b)a, = b, for each pair of i & | .

5. ALGEBRA OF MATRICES :

Addition: A+ B = [a‘.J + bul where A & B are of the same order.
(a) Addition of matrices is commutative: A+B=B+ A
(b) Matrix addition is associative: (A+B)+C=A +(B+C)

43
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6.

MULTIPLICATION OF A MATRIX BY A SCALAR :

abe ka kb ke
If A=|b c a|,then kA=|kb ke ka
c ab ke ka kb

MULTIPLICATION OF MATRICES (Row by Column) :

Let A be a matrix of order m xn and B be a matrix of order p x q
then the matrix multiplication AB is possible if and only if n = p.

LetA, .= [a“] and B = [b], then order of AB is m x p

& |(AB), = 3 a,b,
r=1

CHARACTERISTIC EQUATION :

Let A be a square matrix. Then the polynomial | A - xI| is called as
characteristic polynomial of A & the equation | A-xI| = 0 is called
characteristic equation of A.

CAYLEY - HAMILTON THEOREM :

Every square matrix A satisfy its characteristic equation

ie ax® + ax™ + ... +a_x +a = 0is the characteristic
equation of matrix A, then a A" +a A™ +......+a A+al=0

PROPERTIES OF MATRIX MULTIPLICATION :
(@) AB =0 # A =0 orB = O (in general)

Note:

If A and B are two non-zero matrices such that AB = O, then A
and B are called the divisors of zero. If A and B are two matrices
such that

(i) AB = BA then A and B are said to commute

(i{) AB = -BA then A and B are said to anticommute

(b) Matrix Multiplication Is Associative :
If A, B & C are conformable for the product AB & BC, then
(AB)C = A(BC), (AB)C = A(BC)

44
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11.

12.

13.

(c) Distributivity :

AB+C)=AB+AC
(A+B)C = AC+BC
respective products

] Provided A,B & C are conformable for

POSITIVE INTEGRAL POWERS OF A SQUARE MATRIX :
(a) AmAnP — Amm
®) (A" = A™ = (A

() "=1 mneN

ORTHOGONAL MATRIX

A square matrix is said to be orthogonal matrix if A AT = |

Note :

(i) The determinant value of orthogonal matrix is either 1 or -1,
Hence orthogonal matrix is always invertible

(ii) AAT=1=ATA HenceA'=AT.

SOME SQUARE MATRICES :

(a) Idempotent Matrix : A square matrix is idempotent provided
A’=A,

For idempotent matrix note the following :

) A=A yn22ZneN.

(ii) determinant value of idempotent matrix is either O or 1

(iii) If idempotent matrix is invertible then its inverse will be
identity matrix i.e. I.

(b) Periodic Matrix : A square matrix which satisfies the relation
A1 = A for some positive integer K, is a periodic matrix. The
period of the matrix is the least value of K for which this holds
true.

Note that period of an idempotent matrix is 1.

45
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14.

15.

(c) Nilpotent Matrix : A square matrix is said to be nilpotent
matrix of orderm, m ¢ N,if A" = O, A™ 2O,
Note that a nilpotent matrix will not be invertible.
(d) Involutary Matrix : If A’ = [, the matrix is said to be an
involutary matrix.
Note that A = A ! for an involutary matrix.
(e) If A and B are square matrices of same order and AB = BA
then
(A + By ="C A" + "C,A~'B + "C Am*B?+ ........... + "C B"
TRANSPOSE OF A MATRIX : (Changing rows & columns)
Let A be any matrix of order m x n. Then AT or A' = [aul forl<is
n&1<j<mofordernxm
Properties of transpose :
If AT & BT denote the transpose of A and B

(a) (A+B)" = AT+B" ; note that A & B have the same order.
(b) (AB)" =B" AT (Reversal law) A & B are conformable for matrix

product AB
(© A=A '
(d) (kA)" = kAT, where k is a scalar.
General : (A A,,......A)T = AT. .....A]. A] (reversal law

for transpose)
SYMMETRIC & SKEW SYMMETRIC MATRIX :

(a) Symmetric matrix :
For symmetric matrix A = AT,
Note : Maximum number of distinct entries in any symmetric

matrix of order n is nin+1) ;

(b) Skew symmetric matrix :
Square matrix A = [au] is said to be skew symmetric if
A, = A & j. Hence if A is skew symmetric, then

a,=-a;, = a;=0Vi.

= PR

46

tanchook_Matha\ Foemila Book Engh English 165

m ocke0, 20V16-1T Koo',



ardbock_Maife' Formwl Fook [Englt Faglsh péd

fi\ Laader

TN rodensr 201617 ot

Thus the diagonal elements of a skew square matrix are all
zero, but not the converse.
For a skew symmetric matrix A = =AT,

(c) Properties of symmetric & skew symmetric matrix :

(i) Let A be any square matrix then, A + AT is a symmetric
matrix & A - AT is a skew symmetric matrix.

(ii) The sum of two symmetric matrix is a symmetric matrix
and the sum of two skew symmetric matrix is a skew
symmetric matrix.

(iii) If A & B are symmetric matrices then,
(1) AB + BA is a symmetric matrix
(2) AB - BA is a skew symmetric matrix.

(iv) Every square matrix can be uniquely expressed as a sum or
difference of a symmetric and a skew symmetric matrix.

A=% (A+AT) + % (A-AT)

ey g e—
symmetric skew symmetric
and A= l{AT +A)- l(AT “ )
2 2

16. ADJOINT OF A SQUARE MATRIX :

(a); ap ag)
Let A= [a,i] ={ap 8y ap| be a square matrix and let the

a3 83 A

matrix formed by the cofactors of [a, j] in determinant | A | is

Cuh Cp Cp (Cu Ca CBl\
Cy Cp Cy |.Then (@djA) =[Cp, Cp Cyp
Cy Cp Gy Cha Cun Cy

Mathematics Handbook
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17,

Note :

If A be a square matrix of order n, then

M AbdA)=1All = dA).A

(i) ladjAl = |AI™

(i) adjfadj A) = IAI™2 A

() |adjadj A)l=I A [~

(v) adj(AB) = (adj B) (adj A)

(vi) adj(KA) = K™ (adj A) , where K is a scalar

INVERSE OF A MATRIX (Reciprocal Matrix) :

A square matrix A said to be invertible (non singular) if there exists
a matrix B such that, AB=1=BA

B s called the inverse (reciprocal) of A and is denoted by A . Thus
A7'=BoAB=1=BA

We have, A.(adj A) =IA ],

Al Aladj A)=A" I 1A]
L(adj A)=A"IAIL

4 (adj A)
Al =

[A|
Note : The necessary and sufficient condition for a square matrix A
to be invertible is that | A |1z 0

Theorem : If A & B are invertible matrices of the same order, then
(AB)-) = B-IA-I .

Note :
(H If A be an invertible matrix, then AT is also invertible &

[AT)-l - (A-l)T :
(i) If A isinvertible, (a) (A7) =A
b (AY)? =(A") =A™ keN
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Gauss - Jordan method :
Example :

ax+by+cz=d
ax+by+cz=d,
ax+by+cz=d,
a,x + by +¢,z d, a; by ¢ | [x] [dy
= |agx+by+cz|=|d| = |22 b cf |y[=|d;
a;x + by +cz| |d; a3 by ¢ [z] [dy
= AX=B = A'AX=A"'B

Adi A

X=A'B =
= Al

Note :

B

@ If |Alz0,system is consistent having unique solution

(i Hi1A=0 & (adjA).B # O(Null matrix), system is consistent

having unique non-trivial solution.

(i) If A0 & (adjA).B =0 (Null matrix), system is consistent
having trivial solution.

(w) If | Al =0, then matrix method fails

|
| |
If (adj A) . B = O (null matrix) If (adiA).B#0O
Consistent Inconsistent
(infinite solutions) (no solution)
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f PROPERTIES AND SOLUTIONS OF TRIANGLE}
1. SINE FORMULAE : A
In any triangle ABC
b
¢ in
a_ _ b o abc ~9R
sinA sinB  sinC 2A 2
B 2
where R is circumradius and A is area < a >
of triangle.
2. COSINE FORMULAE :
b? +c% -a? 5 5 o b
(a) cosA= e or a’=b?+c?-2bc cosA
% . .2 0D
c“+a“-b
(b) cosB= o
o 15 .2
a“+b°-c
(¢) cosC= SGad §
3. PROJECTION FORMULAE : i
(@) bcosC+ccosB=a g
(byccosA+acosC=b E
(c) acosB+bcosA=c g
4. NAPIER'S ANALOGY (TANGENT RULE) : i
B—C] b-c A %
(@) tan[ 2 b+c 2
(b) tan[C_A] = c_acotg
2 4 2 ;
A-B) _a-b_C :
© ta"[ 2 ) “asb 03
E
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HALF ANGLE FORMULAE :

a+b+c
= = semi-perimeter of triangle.

@ O sm |{s bb)f:s c) (i) sm /(s c)(s a)
(iii) sing 1’—(5 a:f bl

A _ [sls-a) B _ [s(s—b)
(b) (i) cos > " & (ii) cos 2 =

J -b{s—c) A

A
() @ tanﬁ ‘J s(s—a) s(s—a}

B_[ls-cls-a) A
R Y e =

C [s-a)s-b) _ A
(i) tan2 \} ss—c)  sls—c)

(d) Area of Triangle
A = \Js(s —a)(s —b)(s —c)
1

= -2-bcsinA = %ca sinB = %absinc

=%J2(azlr.'2+b2 +cfa?)-at bt -c*

RADIUS OF THE CIRCUMCIRCLE 'R':
Circumcentre is the point of intersection of
perpendicular bisectors of the sides and
distance between circumcentre & vertex of
triangle is called circumradius 'R,

a b c _abc
251nA ZSmB 2sinC  4A "
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7. RADIUS OF THE INCIRCLE 'r' :

Point of intersection of internal angle bisectors is incentre and
perpendicular distance of incentre from any side is called inradius 'r'.

r=%=(s—a)tan%=(s—b)tan—g—

[ A . B.C
—(s—c}tanE—4RsmEsmEsm2.

sin E sin E sin—sin 9 sin—sin ﬂ
=‘,“22=1322=c22

COSE COS — COs —

8. RADII OF THE EX-CIRCLES :

Point of intersection of two external angle
and one internal angle bisectors is excentre
and perpendicular distance of excentre from

any side is called exradius. If r is the radius of
escribed circle opposite to angle A of AABC s
and so on then : i
amt:ms—ib-c:cusE
(@ n =;f—a=stan-g-=4Rsin-2~cos—Bé-cosg—=—-—oi-E—2~ §
2
A B e, bcos%cos% i
b) 1 = _— stan—z— = 4Rcos§sm§cosi RS
m-.
2
cr;osﬁc,osg :
C A . C g -2 :
= ——=stan—=4 —Cos—sin— = ——=—ou=%. 2
(€ r3 i s zm2 Rw52c05251n2 5 3
2

m
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LENGTH OF ANGLE BISECTOR, MEDIANS & ALTITUDE :

If m, B, & h, are the lengths of a median, an angle bisector &
altitude from the angle A then,

i
%Jb2+c2 +2bccosA =m, =3 2b% +2¢% - a?

A
2bc cos—é- 5

h =
b+c ' * cotB+cotC

and B, =

3
Note that mZ +m{ +m? = Z(a2 +b2 +c?)

ORTHOCENTRE AND PEDAL TRIANGLE :

(a) Point of intersection of altitudes is A
orthocentre & the triangle KLM
which is formed by joining the feet
of the altitudes is called the pedal P
triangle.

{b) The distances of the orthocentre B c
from the angular points of the
AABC are 2R cosA, 2R cosB, &
2R cosC.

{c) The distance of orthocentre from sides are 2R cosB cosC,
2R cosC cosA and 2R cosA cosB

(d) The sides of the pedal triangle are a cos A ( = R sin 2A),
beosB(= R sin2B) and ¢ cos C (=R sin 2C) and its angles are
n-2A,n-2Band n - 2C

(e) Circumradii of the triangles PBC, PCA, PAB and ABC are equal.

(f) Area of pedal triangle = 2AcosA cosB cosC

= %Rz sin2A sin2Bsin2C
(g) Circumradii of pedal triangle = R/2
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11,

12,

EX-CENTRAL TRIANGLE :
\ I A I /
B i
-
VTP
O
-‘,.v.,_\
B “~\ /C
-~ 90°, “-._
'z B
22 I,

(a) The triangle formed by joining the three excentres | , I, and I,
of A ABC is called the excentral or excentric triangle.

(b) Incentre | of AABC is the orthocentre of the excentral A LL1,.

(c) AABC is the pedal triangle of the A 11,1,

(d) The sides of the excentral triangle are

4Rcos%, 4Rcos% and 4Rcos%

A
and its angles are Sem B gl St

A : &
(e) 11, =4R5m§;"2*435m§; ][3-4R51n§.

THE DISTANCES BETWEEN THE SPECIAL POINTS :

(@) The distance between circumcentre and orthocentre is
= RV1-8cosAcosBcosC

(b) The distance between circumcentre and incentre is - \/R2 _ 2Ry

(c) The distance between incentre and orthocentre is

= V2r2 —4R? cos A cosBcosC
(d) The distance between circumcentre & excentre are

OL =R 1+85in%cosgcos% = JR% + 2Ry & soon.
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14.

15.
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m-n THEOREM : A
(m+n)cot® =mcota—-ncotP ﬂh
(m+n)cotd =ncot B-mcot C. 4

IMPORTANT POINTS : =D = ¢

(@) (i) If a cos B = b cos A, then the triangle is isosceles.

(ii) If a cos A = bcosB, then the triangle is isosceles or right angled.
(b) In Right Angle Triangle :

@ a®+ b?+ c? = 8R?

(i) cos’ A + cos? B+ cos?C =1

(¢) In equilateral triangle :

@ R=2r (ﬂ)r,=r2=r3=%
Jé2
[ii)r:R:r,=1:2:3 (iv)area =Ta v) R=%

(d) () The circumcentre lies (1) inside an acute angled triangle
(2) outside an obtuse angled triangle & (3) mid point of the
hypotenuse of right angled triangle.

(ii) The orthocentre of right angled triangle is the vertex at the
right angle.

(iii) The orthocentre, centroid & circumcentre are collinear &
centroid divides the line segment joining orthocentre &
circumcentre internally in the ratio 2 : 1, except in case of
equilateral triangle. In equilateral triangle all these centres
coincide.

REGULAR POLYGON :

Consider a 'n' sided regular polygon of side length 'a'

(a) Radius of incircle of this polygon = %COtE

(b) Radius of circumcircle of this polygon R = % P——
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16.

17.

(c) Perimeter & area of regular polygon

Perimeter = na = 2nr tanZ = 2nRsin X
n n

Area = w;—nR2 sinzn—TI =nt? tan% = %na2 cot%
CYCLIC QUADRILATERAL :
(a) Quadrilateral ABCD is cyclic if ZA + ZC =n
= /B + £C
(opposite angle are supplementary angles)

(b) Area = J(s—a)is-b)s-c)s—d), where 2s=a + b+ c+d

a® +b? -c? -d*
2(ab +cd)
(d) Ptolemy's theorem : If ABCD is cyclic quadrilateral, then

AC . BD=AB.CD +BC.AD

SOLUTION OF TRIANGLE :
Case-l : Three sides are given then to find out three angles use
b% +c? -a® _c +aZ -

b? a?+b%-c?
i — B4 Bal 19 2 b L
cosA , cos & cosC

Case-ll : Two sides & included angle are given :

(c) cosB= & similarly other angles

2

Let sides a, b & angle C are given then use tan 2~ D : Ecot%
and find value of A-B ... (i)
A+B c i

g i " Teaac - o

2 2 sinA C
Case-Ill :
Two sides a, b & angle A opposite to one of b .
them is given
(@) If a < bsinA No triangle exist A B

(b) If a = bsinA & A is acute, then one triangle
exist which is right angled.
(c) a > bsinA, a < b & A is acute, then two triangles exist
(d) a > bsinA, a > b & A is acute, then one triangle exist
(e) a > bsinA & A is obtuse, then there is one triangle if a > b

& no triangle if a < b.
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ANGLES OF ELEVATION AND DEPRESSION :

Let OP be a horizontal line in the vertical plane in which an object R
is given and let OR be joined.

R 9] P
angle of depression

angle of elevation

Fig. (a) Fig. (b)

In Fig. (a), where the object R is above the horizontal line OP, the angle
POR is called the angle of elevation of the object R as seen from the
point O. In Fig. (b) where the object R is below the horizontal line OP,
the angle POR is called the angle of depression of the object R as seen
from the point O.
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I STRAIGHT LINE I

RELATION BETWEEN CARTESIAN CO-ORDINATE
& POLAR CO-ORDINATE SYSTEM
If (x,y) are cartesian co-ordinates of a point P, then : x =r cos 9,

y=rsinb

andr=x*+y?, 0= tan‘l[%)

DISTANCE FORMULA AND ITS APPLICATIONS :
If A(x,,y,) and Bx,,y,) are two points, then

AB = J(xz _xl)z +(y, "'yl)z

Note :

(i) Three given points A,B and C are collinear, when sum of any
two distances out of AB,BC, CA is equal to the remaining third
otherwise the points will be the vertices of triangle.

(ii) Let A,B,C & D be the four given points in a plane. Then the
quadrilateral will be :

(a) Square if AB = BC = CD = DA & AC = BD ; AC L BD
(b) Rhombus if AB = BC = CD = DA and AC # BD; ACL BD
(c) Parallelogram if AB = DC, BC = AD; AC = BD; AC £ BD
(d) Rectangle if AB = CD, BC = DA, AC=BD; AC £ BD
SECTION FORMULA :

The co-ordinates of a point dividing a line joining the points A(x,,y,)
and B(x,,y,) in the ratio m : nis given by :

mx, + nx, myz+ny;]
m+n ' m+n

(a) For internal division : [
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(b) For external division : [mxﬂ — ey I '“Yl]

m-n ' m-n
(c) Lineax + by + ¢ = 0 divides line joining points P(x,y,) & Q(x,, y,)
(ax, +by, +c)

in ratio = -
(ax, + by, +c)

4. CO-ORDINATES OF SOME PARTICULAR POINTS :

Let A(xy,;), B(xz,yz) and C(x,,V,) are vertices of any triangle

ABC, then
(a) Centroid :

(i) The centroid is the point of R ow
intersection of the medians E £
(line joining the mid point of
sides and opposite vertices). 1

(ii) Centroid divides the medianin ~ Blv) D Claxs, vl

the ratio of 2 ; 1.

X; + X, +X4 91"'5’2"‘93)
3 ' 3
(iv) If P is any internal point of triangle such that area of AAPB,
AAPC and ABPC are same then P must be centroid.

(b) Incenter:

(iii) Co-ordinates of centroid G[

The incenter is the point of
intersection of intemal bisectors
of the angles of a triangle. Also

itis a centre of a circle touching
all the sides of a triangle.

) ax, +bx, +cx; ay, +by, + cysj
Co-ordinates of lncenterl[ xxbae. " aibie

Where a, b, c are the sides of triangle ABC.
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()

Note :
(i) Angle bisector divides the opposite sides in the ratio of
. BD AB ¢
remaining sides. e.g. — =—=—
DC AC b

(i) Incenter divides the angle bisectors in the ratio
(b+c):a,(c+a):b,(a+b):c
Circumcenter : '
It is the point of intersection of
perpendicular bisectors of the
sides of a triangle. If O is the PH
circumncenter of any triangle ABC, By E

B iE
MOA2=OBZ=(x2- \;/

Also it is a centre of a circle touching all the vertices of a triangle.

Note :

() If a triangle is right angle, then its circumcenter is mid point
of hypotenuse.

(ii) Find perpendicular bisector of any two sides and solve them
to find circumcentre.

]
i

(d) Orthocenter : Ad, i)
It is the point of intersection of
perpendicular drawn from vertices
on opposite sides of a triangle and ,‘L.
can be obtained by solving the ' \
equation of any two altitudes, - &5
Note : E
If a triangle is right angled triangle, then orthocenter is the point
where right angle is formed.
Remarks :

(i) If the triangle is equilateral, then centroid, incentre,
orthocenter, circumcenter, coincides.

(i) Orthocentre, centroid and circumcentre are always collinear
and centroid divides the line joining. orthocentre and
circumcentre in the ratio 2 : 1

(i) In an isosceles triangle centroid, orthocentre, incentre,
circumcentre lies on the same line.
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(e) Ex-centers:

The centre of the circle which touches

side BC and the extended portions of

sides AB and AC is called the ex-centre

of AABC with respect to the vertex A. It

is denoted by |, and its coordinates are

I _[—a:q +bx, +cx, -ay, +by, +C93]
! —a+b+c ' —a+b+c

Similarly ex-centers of AABC with respect to vertices B and C
are denoted by I, and I, respectively , and

I _(a:«’.l—bx.2+a::a-;3 agl—byz+cy3j
4 a-b+c ' a-b+c '

I _[ax, +bx, —cx, ay, + by, —cySJ
S a+b-c ' a+b-c

AREA OF TRIANGLE :
Let A(x,,y,), Blx,,y,} and Clx,,y,) are vertices of a triangle, then

Xy Y
1
Area of AABC= o Va2 1 =5 1,0~y -9) + x50~y )l
X3 Y3 1 _
To remember the above formula, take the help of the following method :

1[ %1, X2 X3 X 1
~3 hxyzxysxy] =| E[[xlyg—xzylh (Y3 %y, gy, —x,y,)] |

Remarks :

(i) [f the area of triangle joining three points is zero, then the points
are collinear.
(ii) Area of Equilateral triangle

2
If altitude of any equilateral triangle is P, then its area = — .

V3
(a24/3)

If "2’ be the side of equilateral triangle, then its area = L 1 J
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(iii) Area of quadrilateral whose consecutive vertices are (x,, y,), (x,, v,),

1% =X3 Y-V,

2ix;=%Xq Yo—Y4

6. CONDITION OF COLLINEARITY FOR THREE POINTS :
Three points (x,,y,), (x,,y,) and (x,,y,) are collinear if any one of the
given point lies on the line passing through the remaining two points.

(%5, ¥y) & (x,, y,) is

Thus the required condition is -

X v 1
Ya—V1 X3-X 5 Xy, =X, =Y P T |
= r = =
Vo=V X=Xy X, - X3 Y17V, i
X3 ya 1

7. EQUATION OF STRAIGHT LINE :
A relation between x and y which is satisfied by co-ordinates of
every point lying on a line is called equation of the straight line.
Here remember that every one degree equation in variable x and y
always represents a straight lineie.ax +by+c=0;a& b= 0

simultaneously.

(a) Equation of a line parallel to x-axis at a distance aisy = a or
y=-a

(b) Equation of x-axisisy = 0 4

(c) Equation of line parallel to y-axis at a distance bisx =bor |2
x=-b = I

(d) Equation of y-axisisx = 0

8. SLOPE OF LINE : AY
If a given line makes an angle 8 .
(0°<0<180° 6 # 909 with the . _.| 7 (2 9)

V=W

positive direction of x-axis, then slope ., v)
of this line will be tan8 and is usually 1
denoted by the letter m i.e. m=tan®. X% '
Obviously the slope of the x-axis and h

line parallel to it is zero and y-axis and line parallel to it does not exist. |

Y2 =¥

If Alx,, y,) and Bfx,, y,) & X, # x, then slope of line AB = ey
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ST ARD FORMS OF EQUATIONS OF A STRAIGHT LINE :

(@) Slope Intercept form : Let m be the slope of a line and c its
intercept on y-axis. then the equation of this straight line is written
as:y=mx+c

(b) Point Slope form : If m be the slope of a line and it passes
through a point (x,,y,), then its equation is written as :
vy -y, = m(x-x,)

(¢) Two point form : Equation of a line passing through two points
{x,.v,) and (x,,Y,) is written as :

x y 1
y-v, =2 oy )or [x, y, =0
X2 =%
X, Yp 1

(d) Intercept form : If a and b are the intercepts made by a line

: R | X
on the axes of x and v, its equation is written as : —+ -% =1
a

(e) Normal form : If p is the length of perpendicular on a line
from the origin and a the angle which this perpendicular makes

with positive x-axis, then the equation of this line is written as :
xcosa + ysina = p (p is always positive), where 0 < a < 2n.
() Parametric form : To find the equation

L
of a straight line which passes through b

r ¥
ALK (x, vl
(h, k)

a given point A(h, k) and makes a given
angle 0 with the positive direction of the 12

x-axis. P, y) is any point on the line LAL".
let AP=rthenx~h=rcosb, y-k=

ol

x—-h y-k
- =2 — _risth i
rsind & p— i ris the equation

of the straight line LAL".
Any point P on the line will be of the form (h + r cos®, k + r

sinB), where | r| gives the distance of the point P from the fixed
point (h, k).
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(g) General form : We know that a first degree equation in x and
y, ax + by + ¢ = 0 always represents a straight line. This form
is known as general form of straight line.

b coeff. of y

(i) Intercept by this line on x-axis = — g and intercept by this line

b

b

(iii) To change the general form of a line to normal form, first
take c to right hand side and make it positive, then divide the

whole equation by /32 4+ b2,
10. ANGLE BETWEEN TWO LINES :

(a) If 6 be the angle between two lines : y =m x + candy = m,x +c,,

(m, -m,)

Ll +m;my, J

(b) If equation of lines are a,x+b y+c =0 and a,x+b,y+c,=0, then
these line are -

on y-axis = —

then tanf =%

a_bh_a
a, by b €2
(i) Perpendicular & a a,+bb,=0

(i) Parallel =

N a _b ¢

(iii) Coincident < g = ‘6;‘ = g
a, b
(iv) Intersecting < a_: &
2 2

11. LENGTH OF PERPENDICULAR FROM A POINT ON A LINE :
Length of perpendicular from a point (x,,y,) on the line ax+by+c=0

ax; +by, +c

I ——1
; | vaZ +b?

In particular the length of the perpendicular from the origin on the

lcl

lineax +by +c=0is P=
va® + b’
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15.
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DISTANCE BETWEEN TWO PARALLEL LINES :

(@) The distance between two parallel lines ax + by + ¢ =0 and
les — ¢,
a’ +b’

(Note : The coefficients of x & y in both equations should be same)

ax+by+c,=0 is =

P1P2

sin® '
distances between two pairs of opposite sides & 0 is the angle
between any two adjacent sides. Note that area of the
parallelogram bounded by the lines y =mx +c,,y=mx+

-c,) (d; -d
By A yzmzx*—dl’y:mzx*'dzism"'enby}(Cl :121)—(”112 z}l.

(b) The area of the parallelogram = where p, & p, are

EQUATION OF LINES PARALLEL AND PERPENDICULAR
TO A GIVEN LINE :

(a) Equation of line parallel to line ax + by + c =0

ax+by +1=0
(b) Equation of line perpendicular to line ax + by + ¢ = 0
bx-ay+ k=0

Here A, k, are parameters and their values are obtained with the
help of additional information given in the problem.

STRAIGHT LINE MAKING A GIVEN ANGLE WITH A LINE :
Equations of lines passing through a point (x,,y,) and making an
angle o, with the line y=mx+c is written as:
_ mttana

= 1rmtana
POSITION OF TWO POINTS WITH RESPECT TO A GIVEN
LINE :

Let the given line be ax + by + ¢ = 0 and Plx,, y,), Q(x,, y,) be two
points. If the quantities ax, + by, + ¢ and ax, + by, + c have the same

(x-x,)
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17.

18.

signs, then both the points P and Q lie on the same side of the lin
ax + by + ¢ = 0. If the quantities ax, + by, + c and ax, + by, + c bave
opposite signs, then they lie on the opposite sides of the line.

CONCURRENCY OF LINES :
Three linesax + by + ¢,=0;a,x + by + ¢,=0andax + by + ¢,=0

a, b ¢
are concurrent, if A= Ja, b, ¢,|=0
a; by ¢c3

Note :
If lines are concurrent then A = 0 but if A =0 then lines may or
may not be concurrent {lines may be parallel}.

REFLECTION OF A POINT :

Let P(x,y) be any point, then its image
with respect to

(a) x-axis is Qlx, —y)

(b) y-axisis R(-x, y)

(c) origin is S{—x, —v)

(d) line y=xis Tly, x)

TRANSFORMATION OF AXES

(a) Shifting of origin without rotation
of axes :
If coordinates of any point P(x, y) with A1)
respect to new origin (a, f) will be (x, ) a.p) i

thenx=x'+a, y=vy+8 Ol

=

=
x
oo

or X=x-a, y=y-f 0 y
Thus if origin is shifted to point (a, B) without rotation of axes,
then new equation of curve can be obtained by putting x + o in
place of x and y + B in place of y.
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(b) Rotation of axes without

Y Y
shifting the origin : Pocy)
Let O be the origin. Let P = (x, y) H s'f\iX'-v'!

{0y

with respect to axes OX and Vi

OY andlet P = (x', y') with respect e
to axes OX' and OY', where 5
ZX'0OX=2Y0OY' =90
then x=x'cosO-y'sinf
y=x'sinf+y cosB
and xX'=xcos6 +ysind
Y =-xsin0+vycosb
The above relation between (x, y) and (x', y) can be easily obtained
with the help of following table

I, 4 o e o

New g X ‘I' Y '1'
X' — cos 0 sin O
Yy — —sin 0 cos 6

19. EQUATION OF BISECTORS OF ANGLES BETWEEN TWO
LINES :
If equation of two intersecting lines are a,x+b,y+c =0 and
a,x + b,y+c,=0, then equation of bisectors of the angles between
these lines are written as :

ax+by+e, iiaiz:.<+bay+t:2 (1)

Ja? + b2 Ja2 + b
(a) Equation of bisector of angle containing origin :
If the equation of the lines are written with constant terms c,
and c, positive, then the equation of the bisectors of the angle
containing the origin is obtained by taking positive sign in (1)
(b) Equation of bisector of acute/obtuse angles :
See whether the constant terms ¢, and ¢, in the two equation are

i
a
3
d
z
£
i
]
¥
*
$
Z
¥
i
i -
H
2
i

+ve or not. If not then multiply both sides of given equation by

-1 to make the constant terms positive
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Determine the sign of a,a, + b,b,

20.

21,

If sign of For obtuse For acute
a,a, + b,b, angle bisector angle bisector
+ use + sign in eq. (1) | use—-sign in eq. (1)
- use-sign in eq. (1) | use+sign in eq. (1)

i.e.if a,a, + b,b, > 0, then the bisector corresponding to + sign
gives obtuse angle bisector

a;x+by+c Je a,Xx + by + ¢y
Jaf +b? Ja§ +b2

FAMILY OF LINES :

If equation of two lines be P = ax + b,y + ¢,=0 and
Q =a,x+b,y + ¢,= 0, then the equation of the lines passing through
the point of intersection of these linesis : P+1Q =0 orax +by +
¢, + A(ax + by + c,) = 0. The value of ) is obtained with the help
of the additional informations given in the problem.

GENERAL EQUATION AND HOMOGENEOUS EQUATION
OF SECOND DEGREE :

(a) A general equation of second degree
ax?+ Zhxy + by? + 2gx + 2fy + ¢ = 0 represent a pair of
straight lines if A=abc+2fgh-af’ - bg? = ch? = 0 or

a h g
h b f|=0
g f c

2Jh? -ab

(b) If 6 be the angle between the lines, then tanf =+ >y

Obviously these lines are

(i) Parallel, if A =0, h? = ab or if h? = ab and bg? = af*

(ii) Perpendicular, if a + b =0 1i.e. coeff. of x? + coeff. of y* = 0.
(c) Homogeneous equation of 2™ degree ax? + 2Zhxy + by? = 0

always represent a pair of straight lines whose equations are

s
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22,

J =y=mx & y=myx

2h a

F ;mm, = E

These straight lines passes through the origin and for finding
the angle between these lines same formula as given for general
equation is used.

and m, +m, =~

The condition that these lines are :

(i) At right angles to each other is a + b= 0. i.e. co-efficient
of ¥% + co-efficient of y? =0,

(ii) Coincident is h%= ab.

(iii) Equally inclined to the axis of x is h=0. i.e. coelff.
of xy=0.

(d) The combined equation of angle bisectors between the lines
represented by homogeneous equation of 2™ degree is given

x*-y?  xy

by W—F.aib,hio.

(e) Pair of straight lines perpendicular to the lines ax* + Zhxy + by? =
0 and through origin are given by bx? — 2hxy + ay? = 0.

() If lines ax?®+ 2hxy + by? + 2gx + 2fy + ¢ = 0 are parallel then

2
distance between them is =2 g —ae
ala+b)

EQUATIONS OF LINES JOINING THE POINTS OF
INTERSECTION OF A LINE AND A CURVE TO THE
ORIGIN : y

N
Let the equation of curve be :
ax?+ 2hxy + by?+ 2gx + 2fy + ¢ =0 ...... (i) Q

and straight line be

tx+my+n=0 . (ii)
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23.

Now joint equation of line OP and OQ joining the origin and points
of intersection P and Q can be obtained by making the equation (i)
homogenous with the help of equation of the line. Thus required
equation is given by -

2
+m '
ax?+2hxy+by? +2{QX+M[ - i y] +C( = +nmy] *h

STANDARD RESULTS :
(a) Area of rhombus formed by linesalx|+blyl+c=0

2¢?
oriaxtby+c—Ols|—5-|

2

(b) Area of triangle formed by line ax+by+c = 0 and axesis ——— 21abl"

(c) Co-ordinate of foot of perpendicular (h, k) from (x,, y,) to the line

h-x% k- ax, +by; +¢
ax+by+c = 0 is given by al= b91=—{ ;2+E; )

(d) Image of point (x,, y,) w.r. to the line ax+by+c = 0 is given by
h—x _k-y, _—2(ax, +by, +¢)

a b aZ +b?
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DEFINITION :

A circle is the locus of a point which moves in a plane in such a way
that its distance from a fixed point remains constant. The fixed
point is called the centre of the circle and the constant distance is
called the radius of the circle.

STANDARD EQUATIONS OF THE CIRCLE :

(a) Central Form :
If (h, k) is the centre and r is the radius of the circle then its
equation is (x = h)? + (v-k)? = »?

(b) General equation of circle :
x* + y? + 2gx + 2fy + ¢ = 0, where g, {, c are constants and
centre is (-g, —f)

. [ coefficient of x coefficient of y]
e = 2 ) 2

and radius r=g*+f*-c

Note : The general quadratic equation in x and v,

ax? + by? + 2hxy + 2gx + 2fy + ¢ = O represents a
circle if :

(i) coefficient of x* = coefficient of y> ora=b# 0

(ii) coefficient of xy = 0 or h =0
(iii) (g? + * - ¢) = O (for a real circle)
{c) Intercepts cut by the circle on axes :
The intercepts cut by the circle x* + y* + 2gx + 2fy + ¢ =0 on:
(i) x-axis =2/g% —¢ (i) y-axis =2V -c
Note :

Intercept cut by a line on the circle x* + y* + 2gx + 2fy+c=0or

length of chord of the circle = 2ya? —P? where a is the radius
and P is the length of perpendicular from the centre to the chord.
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4.

POSITION OF A POINT W.R.T CIRCLE :
(a) Letthe circleis x* + y* + 2gx + 2fy + c = qA

If Alx,,y,) and Blx,,y,) are the

end points of the diameter of (x y) A Blx,.v,)
the circle then the equation of

the circle is given by

(x=-x)x-x,)+{Y-yNv-v,)=0

. (e) The parametric forms of the circle :

(i) The parametric equation of the circle x*+y? = r? are
X =r cosb, y =1 5iné ; 0 € [0, 2x)
(i) The parametric equation of the circle (x —h)? + (y—k)* =r? is
X =h + r cos0, y = k + r sin 8 where 0 is parameter.
(iii) The parametric equation of the circle x> + v* + 2qx + 2fy +c =0

arex=-g+.g® +f? -c cosd, y=-f +./g? + 2 - c sind
where 6 is parameter.

Note that equation of a straight line joining two point o & B
on the circle x* + y? = a’ is
o+ a+p a-fB

X Cos —— + ysin =acos—( .
g TYSRTH 2

x.y) P Q

e
and the point is (x,,y,) then : U
Point (x,,y,) lies out side the circle or on the circle or inside the circle
according as

=>x*+y* +2x +2fy +c>,=<00r§ > =<0

(b) The greatest & the least distance of a point A from a circle with

centre C & radiusris AC +r& AC-r respectively.

(c) The power of point is given by S,.
TANGENT LINE OF CIRCLE :

When a straight line meet a circle on two coincident points then it is
called the tangent of the circle,

(d) Diameter form of circle : P(x.y)
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(a) Condition of Tangency :
(P>r)

The ]17}8 L= 0 tmmhes the {P=r) /-— —-\ Tangenl
cirdeS=0 if Pthelengthof ~ P<? NIE \ Aot
the perpendicular from the  (P=0) Diameter
centre to that line and radius v

of the circle r are equal i.e.

P=r

{b) Equation of the tangent (T = 0) :

() Tangent at the point (x,,y,) on the circle x*+ y* = a® is
Xx, +yy, =a’.
(ii) (1) The tangent at the point (acost, asint) on the circle
x! +y? = a’is xcost + ysint = a
(2) The point of intersection of the tangents at the points
emos%E asin &5
P(a) and Q(B) is[ cos“—z"ﬁ 'cosu—g—@ J

(iii) The equation of tangent at the point (x,,y,) on the circle
x+y'+ 20k + 2ty +c=0is
xx, +yy, +g(x +x,) +fly+ty,) +c=0

(iv) If line y = mx + c is a straight line touching the circle

x? + y* = a?, then ¢ = +av1+m? and contact points are

[ am a ) 2 2
s v or [ an ia_} and equation
L Viem?  J1+m? J i c

of tangent is
v =mx +ayl+m’

(v) The equation of tangent with slope m of the circle
x-ht+ly-kPE=alis

(v-k)=m(x-h) = ay1+m?
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Note :
To get the equation of tangent at the point (x, v,) on any curve
X+X;

2

we replace xx, in place of x?, yy, in place of y?, in

place of x, kAN place of y, bl Lo Y place of xy and ¢
in place of c.
(c) Length of tangent ( JS_I ): e T
X1
The length of tangent drawn
from point (x,,y,) out side g

the circle
S=x*+y*+2gx+ 2fy+c=0is,

PT= E=fo +y? +2gx, +2fy, +¢
(d) Equation of Pair of tangents (SS, = T?) :
Let the equation of circle S =x* + y* = a* and P(x,,y,) is any point
outside the circle. From the point we can draw twao real and distinct
tangent PQ & PR and combine equation of pair of tangents is -
(x* + y* —a?%) (x,* + y,” -a) = (xx, +yy, -a")’or §§ = T*
NORMAL OF CIRCLE :
Normal at a point of the circle is the straight line which is
perpendicular to the tangent at the point of contact and passes
through the centre of circle.
(@) Equation of normal at point (x,,y,) of circle x* + y* + 2gx + 2fy
+¢c=0is

N] (~a,)-f)
¥ T
(x,,50)
= yl +f -
o= (225
(b) The equation of normal on any point (x,,y,) of circle x? + y? =
(53 5’1‘

2is Lx le
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CHORD OF CONTACT :

If two tangents PT, & PT, are
drawn from the point P (x|,
y,) to the circle

S=x+y?+ 2gx+ 2y +c =0,
then the equation of the chord
of contact T|T, is :

xx, +yy, +gx+x)+fy+y)+c=0(.e T=0same as equation
of tangent).

EQUATION OF THE CHORD WITH A GIVEN MIDDLE POINT
(T=8,):

The equation of the chord of the circle S =x*+ y*+ 2gx + 2fy + ¢ =
X,+g
y, +f

0 in terms of its mid point M(x, ,y,) is y-y, =~ (x-x).

This on simplication can be putin the form
XX, +yw,+gx+x)+fly+y)+c=x2+y?+ 2gx + 2fy + ¢
which is designatedby T = S,.
DIRECTOR CIRCLE :
The locus of point of intersection of two perpendicular tangents to a
circle is called director circle. Let the circle be x* + y? = a?, then the
equation of director circle is x? + y? = 2a’.
director circle is a concentric circle whose radius is +/2 times the
radius of the circle.
Note :
The director circle of
X2+ y? +20x + 2fy +c=0isx? + y* + 2gx + 2fy + 2c-g? -2 =0
POLE AND POLAR :

|

Let any straight line through the given point hi
Alx,,y,) intersect the given circle S =0 in
two points P and Q and if the tangent of

the circle at P and Q meet at the point R

then locus of

75



10.

Mathematics Handbook H@
e

point R is called polar of the point A and point A is called the pole,

with respect to the given circle.

The equation of the polar is the T=0, so the polar of point (x,,y,) w.r.t
circle  x?+y? + 2gx + 2fy + ¢ = 0 is xx, +yy, +glx+x,) + f{y+y,}+c=0
Pole of a given line with respect to a circle

To find the pole of a line we assume the coordinates of the pole
then from these coordinates we find the polar. This polar and given
line represent the same line. Then by comparing the coefficients of
similar terms we can get the coordinates of the pole. The pole of
x+my+n=0

e a (—¢a? —ma?)
w.rt. circle x* +y* =a unllbek =

FAMILY OF CIRCLES :

(a) The equation of the family of circles passing through the
points of intersection of two circles S, = 0 & S, = O is :
S,+KS, =0 (K=-1).

(b) The equation of the family of circles passing through the point of
intersection of a circleS=0&alineL=0isgivenby S+ KL = 0.

(c) The equation of a family of circles passing through two given
points (x,,y,) & (x,,y,) can be written in the form :

TG I |
(x—x) x=x,) + y-y,) v-y,) +K |x;, y; 1| =0whereKisa
X, Y, 1

parameter.

(d) The equation of a family of circles touching a fixed line
y - y,=m (x — x,) at the fixed point (x, , y ) is (x - x,? + [y - y
+Kly-y,- mx-x)] =0, where K is a parameter.

(e) Family of circles circumscribing a triangle whose sides are given by
L=0;L,=0&L,=0isgvenby; LL,+ALL +pLL =0
provided coefficient of xy =0 & coefficient of x? = coefficient of y?.

76

dn Pk [Frghi Frgieh 65




m rocdel 2016- 171 Kota | JEEIAdureed]h Leader Maths' Sheet\ Handhaok_Maths\ Farmuls Book. [Engl English.pbb

11. DIRECT AND TRANSVERSE COMMON TANGENTS :

Mathematics Handbook

(d) Equation of circle circumscribing a quadrilateral whose side in
order are represented by the lines L, = 0, L, =0, L, =0 &
L, =0are LL, + AL)L, = O provided coefficient of
x* = coefficient of y* and coefficient of xy = 0.

Let two circles having centre C, and C, and radii, r, and r, and
C,C, is the distance between their centres then :

(a) Both circles will touch :

() Externallyif C,.C,=r, + NP T

r,, point P divides C,C, in N
p the ratio r, : r, (intemnally).

In this case there are three common tangents.

(ii) Internally if CC, = Ir—r,|, point P
divides C,C, in the ratior, : 1, p
externally and in this case there will
be only one common tangent.

(b) The circles will intersect :

when Ir, -1,| <CC, <,

+ 1, in this case there are

two common tangents.

(¢) The circles will not intersect :

(i) One circle will lie inside the other
circle if C,C, < | r-1,| In this
case there will be no common
tangent.
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(ii) When circle are apart from each other then C,C,>r +r,
and in this case there will be four common tangents.
Lines PQ and RS are called transverse or indirect or
internal common tangents and these lines meet line C,C,
onT,and T, divides the line C,C, in the ratior, : r, internally
and lines AB & CD are called direct or external common
tangents. These lines meet C,C, produced on T,. Thus T,

divides C,C, externally in the ratior, : r,.

Note : Length of direct common tangent = J{CICE)Z - -1,)

Length of transverse common tangent = J (C,C,) - n+n ¥

. THE ANGLE OF INTERSECTION OF TWO CIRCLES :

Definition : The angle between the tangents of two circles at the
point of intersection of the two circles is called angle of intersection

of two circles.
\ P
=y b 2 2 2
then cos = — 2218 +2hh ~c, —c, orcose{ﬂa*_d)
2Jg$ + fl2 —-c, \jgg +f; —-c, 2nr,

Here r, and r, are the radii of the circles and d is the distance
between their centres.

If the angle of_imersectlon of the two circles is a right angle then
such circles are called "Orthogonal circles" and conditions for
the circles to be orthogonal is

2g.g, + 2f f, = c +¢,

fnneiook_Mathst Formuin Baok [Englt Englsh pbs
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13. RADICAL AXIS OF THE TWO CIRCLES (S, -S,=0) :

Definition : The locus of a point, which moves in such a way that
the length of tangents drawn from it to the circles are equal is called
the radical axis. If two circles are -

P(h.k)

Radical axis

S;=x*+y*+2gx+2f y+¢c, =0
S,=xt+y* +2gx+2f,y+c,=0

Then the equation of radical axis is given by §,~S,= 0
Note :
(i) If two circles touches each other then common tangent is radical

axis.
C1o
5-5,=0 5,-5,=0

(i) If two circles cuts each other then common chord is radical axis.

5-5,=0
(iii) If two circles cuts third circle orthogonally then radical axis of
first two is locus of centre of third circle.
(iv) The radical axis of the two circles is perpendicular to the line
joining the centre of two circles but not always pass through mid
point of it.
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Radical centre :

The radical centre of three circles is the point from which length of
tangents on three circles are equal i.e. the point of intersection of
radical axis of the circles is the radical centre of the circles.

Note :

@) The circle with centre as
radical centre and radius equal
to the length of tangent from
radical centre to any of the
circle, will cut the three circles

orthogonally.

(i}  If three circles are drawn on three sides of a triangle taking
them as diameter then its orthocenter will be its radical centre.
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i
CONIC SECTIONS :

A conic section, or conic is the locus of a point which moves in a

plane so that its distance from a fixed point is in a constant ratio to
its perpendicular distance from a fixed straight line.

(a) The fixed point is called the FOCUS.

(b) The fixed straight line is called the DIRECTRIX.

(c) The constant ratio is called the ECCENTRICITY denoted by e.

(d) The line passing through the focus & perpendicular to the
directrix is called the AXIS.

(e) A point of intersection of a conic with its axis is called a VERTEX.

GENERAL EQUATION OF A CONIC : FOCAL DIRECTRIX
PROPERTY :

The general equation of a conic with focus (p, q) & directrix
Ix+my+n=0is:
(F + m?) [(x - p)* + (y —q)] = & (x + my + n)?

=ax’ + Z2hxy + by* + 2gx + 2fy + ¢ = 0
DISTINGUISHING BETWEEN THE CONIC :

The nature of the conic section depends upon the position of the
focus Sw.r.t. the directrix & also upon the value of the eccentricity e.
Two different cases arise.

Case (i) When the focus lies on the directrix ;

In this case D = abc + 2 fgh — af? — bg? — ch? = 0 & the general
equation of a conic represents a pair of straight lines and if :

e > 1, h? > ab the lines will be real & distinct intersecting at S.

e =1, h? = ab the lines will coincident.

e < 1, h? < ab the lines will be imaginary.
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e=1;D#0]|0<e<1;D=0
h? = ab h? < ab h?> ab h*>ab;a+b=0

PARABOIA :
A parabola is the locus of a point which moves in a plane, such that
its distance from a fixed point (focus) is equal to its perpendicular
distance from a fixed straight line (directrix).
Standard equation of a parabola is y? = 4 ax. For this parabola :
() Vertexis (0, 0) (ii) Focusis(a, 0)
(iii) Axisisy=0 (iv) Directrixisx +a =10
(a) Focal distance :
The distance of a point on the parabola from the focus is called
the FOCAL DISTANCE OF THE POINT.
(b) Focal chord :
A chord of the parabola, which passes through the focus is called
a FOCAL CHORD.
(c) Double ordinate :
A chord of the parabola perpendicular to the axis of the
symmetry is called a DOUBLE ORDINATE with respect to axis
as diameter.
(d) Latus rectum :
A focal chord perpendicular to the axis of parabola is called the
LATUS RECTUM. For y? = 4ax.
(i) Length of the latus rectum = 4a.
(ii) Length of the semi latus rectum = 2a,

(iii) Ends of the latus rectum are L(a, 2a) & L'a, —2a)

Book (g Enghsh piS
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(i) Perpendicular distance from focus on directrix = half the latus
rectum.

(ii) Vertex is middle point of the focus & the point of intersection of
directrix & axis.

(iii) Two parabolas are said to be equal if they have latus rectum of
same length.
PARAMETRIC REPRESENTATION :

The simplest & the best form of representing the co-ordinates of a
point on the parabola y* = 4ax is (at?, 2at) . The equation x = at?
& vy = 2at together represents the parabola y* = 4ax , t being the
parameter.

TYPE OF PARABOLA :

Four standard forms of the parabola are y* = 4ax ; y?=-4ax ;
K2=4ay; K2=—4ay

Z AY =

L TTPixy) Y |2
{a,0) {-a,0) By

b Y WS X Mo X
i : P x=a
ez Y ~ Y z
v = dax y? = -4ax
s AY
(0,215
X 0
z == Z
Y
x? = 4ay
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e e e

y2=4ax 0,00 (@,0) |y=0| x=-a 4a (a. +2a) (at2.2at) X+a

y2=~—4ax (0,0)| a,0) |y=0| x=a 4a (-a, +2a) -at’,2at) | x-a

x’=+4ay [0,0)] (0a) [x=0| y=—a | 4a | (x2a,2) | (2atat) | y+a

x*=-4ay [(0.0)| (0-a) |x=0| y=a da | (+2a,-a) | (2at,-atd) | v-a

(v-kP=da(x-h)| (k) | h+a k)| y=k |[x+a-h=0| 4a |h+a, k=2a)| h+at? k+2at)[x-h+a

(x-p)°=4bfy-q)| (p.a) lfp, b+q)| x=p |y+b-g=0| 4b |(p+2aq+a)|(p+2at,g+at’)|y-q+b

#e

POSITION OF A POINT RELATIVE TO A PARABOILA :
The point ( x,, y, ) lies outside, on or inside the parabola y* = 4ax
according as the expression y,? - 4ax, is positive, zero or negative.

CHORD JOINING TWO POINTS :

The equation of a chord of the parabola v* = 4ax joining its two
points P(t,) and Q(t,) is ylt, + t,) = 2x + 2at t,

Note :

(i) If PQ s focal chord then tt, = -1.

(ii) Extremities of focal chord can be taken as (at?, 2at) & [% %}

(iii) If t,t, = k then chord always passes a fixed point (ka, 0).

LINE & A PARABOILA :

(a) Theliney = mx + ¢ meets the parabola y* = 4ax in two points
real, coincident or imaginary according as a =< cm

a
= condition of tangency is, ¢ = m—

Note : Line y = mx + ¢ will be tangent to parabola
x? = day if ¢ = - am?,

(b) Length of the chord intercepted by the parabolay? = 4ax on

4
the liney = mx + cis: [F]Ja(lwtmz){a—mc)_

Note : length of the focal chord making an angle a with the
x-axis is 4a cosec? a.
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LENGTH OF SUBTANGENT & SUBNORMAL :
PT and PG are the tangent and normal

respectively at the point P to the /
parabola y* = 4ax. Then <

T \G
TN = length of subtangent = twice the \
abscisaa of the point P
(Subtangent is always bisected by the vertex)

NG = length of subnormal which is constant for all points on the
parabola & equal to its semilatus rectum (2a).

. Pfat’, 2an

£ D

=z

TANGENT TO THE PARABOLA y? = 4ax :

(a) Point form :
Equation of tangent to the given parabola at its point (x,, y,) is
yy, = 2a (x +x,)

(b) Slope form :
Equation of tangent to the given parabola whose slope is ‘'m’, is

a
Yy =mx + ;,[mi())

Point of contact is [i 2_&]

]

m- m
{c) Parametric form :

Equation of tangent to the given parabcla at its point P(t), is -

ty = x + at?

Note : Point of intersection of the tangents at the point t, & t, is
[at, t,, alt,+ t,)]. (.e. GM. and A M. of abscissae and
ordinates of the points)

NORMAL TO THE PARABOLA y? = 4ax :
{a) Point form :
Equation of normal to the given parabola at its point (x , y,) is

Y g e %;; (x-x,)
(b) Slope form :

Equation of normal to the given parabola whose slope is 'm’, is
y = mx — 2am — am?® foot of the normal is (am?, — 2am)
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(c) Parametric form :

Equation of normal to the given parabola at its point P(t), is
y + tx = 2at + at®
Note : e
(i) [ Point of intersection of normals at t, & t, is)
\ @2+t +tt +2), —att (t, +t)

=

el e Ny

() If the normal to the parabola y* = 4ax at the point
t,, meets the parabola again at the point t,, then

r’t 2 2)
L=-{"* %)

#(ﬁi} If the normals to the parabola y* = 4ax at the points t, &
t, intersect again on the parabola at the point ‘t," then
tt, =2t = -t +1t,)and the line joining t, & t, passes

point (- 10} —

"

13. PAIR OF TANGENTS :
The equation of the pair of tangents which can be drawn from any
point P(x,, y,) outside the parabola to the parabola y* = 4ax is
given by : SS, = T?, where :

S=y*-4ax ; S,=y?-4ax,; T=yy -2a(x+x)

14. CHORD OF CONTACT :

Equation of the chord of contact of tangents drawn from a point
Plx,, y,) is y, = 2alx + x,)

emember that the area of the triangle formed by the tangents from

(9$ o 4ax: )3}’2

rq'ﬂhr the point (x,, y,) & the chord of contact is . Also note
S\

a
/VO/ that the chord of contact exists only if the poir™ P& ot inside.
15. CHORD WITH A GIVEN MIDDLE POINT :
Equation of the chord of the parabola y? = 4ax whose middle point

. 2a
is (x,,y,) is y-y, = -y—-(X-xl).
1

ac

arefhock_b

1T Mo
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This reducedto T = §,
where T =y -2a(x+x,) & S =y?-4ax,.

16. DIAMETER :
The locus of the middle points of a system of parallel chords of a
Parabola is called a DIAMETER. Equation to the diameter of a
parabola is y = 2a/m, where m = slope of parallel chords.

17. CONORMAL POINTS .
Foot of the normals of three concurrent normals are called conormals
point.
(i) Algebraic sum of the slopes of three concurrent normals of
parabola y* = 4ax is zero.

(i) Sum of ordinates of the three conormal points on the parabola
y? = dax is zero.

(iii) Centroid of the triangle formed by three co-normal points lies
on the axis of parabola,

ﬁf If gzlk&w3 satisfied then three real and distinct normal
are drawn from point (h, k) on parabola y* = 4ax.

(v) If three normals are drawn from point (h, 0) on parabola
y% = 4ax, then h > 2a and one of the normal is axis of the
parabola and other two are equally inclined to the axis of the
parabola.

18. IMPORTANT HIGHLIGHTS :
(a) If the tangent & normal at

any point ‘P’ of the parabola -+
intersect the axisat T & G K
then ST = SG = SP where T
‘S' is the focus. In other
words the tangent and the
normal at
a point P on the parabola are the bisectors of the angle between

A= —3
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From this we conclude that all rays emanating from S will
become parallel to the axis of the parabola after reflection.

(b) The portion of a tangent to a parabola cut off between the
directrix & the curve subtends a right angle at the focus.

(c) The tangents at the extremities of a focal chord intersect at
right angles on the directrix, and a circle on any focal chord as
diameter touches the n:lirectrix. Also a circle on any focal radii
of a point P (at?, 2at) as diameter touches the tangent at the

vertex and intercepts a chord of length ay1+t* on a normal

at the point P.

(d) Any tangent to a parabola & the perpendicular on it from the
focus meet on the tangent at the vertex.

(e) Semi latus rectum of the parabola y* = 4ax, is the harmonic
mean between segments of any focal chord

2bc  [9%0 @i |
or —+—=—.
b+c b e . a
*")l) Image of the focus lies on diretrix with respect to any tangent of

parabola y* = 4ax.

ie 2a=

the focal radius SP & the perpendicular from P on the directrix.
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1.

STANDARD EQUATION & DEFINITION :

Standard equation of an ellipse referred to its principal axis along
z 2 !

the co-ordinate axis is i,_; + % =1.wherea>b &b? =a’(l-e?)
a

= a’-b?=a’e’.
where e = eccentricity (0 <e < 1).

M
M _ M
a i a
" x=_-‘; E X=E ~
Xe—r %
X : i %
£ L 5
3 B(0,-b) g
a a
v
. 4

FOCI S = (ae, 0) & S’ = (~ae, 0).
(a) Equation of directrices :

a a
Xx= — & X=——,
e e

(b) Vertices :
= (a0 &A=, 0)

(c) Major axis : The line segment A' A in which the foci S' & S lie
is of length 2a & is called the major axis (a > b) of the ellipse.
Point of intersection of major axis with directrix is called the

foot of the direcitix (Z) [i 2 0] .
e
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(d) Minor Axis : The y-axis intersects the ellipse in the points
B'=(0,-b) & B= (0, b). The line segment BB of length
2b (b < a) is called the Minor Axis of the ellipse.

(e) Principal Axis : The major & minor axis together are called
Principal Axis of the ellipse.

() Centre : The point which bisects every chord of the conic drawn

through it is called the centre of the conic. C =(0,0) the origin
2 2
L
is the centre of the ellipse UM i 1

(g) Diameter: A chord of the conic which passes through the
centre is called a diameter of the conic.

(h) Focal Chord : A chord which passes through a focus is called
a focal chord.

() Double Ordinate : A chord perpendicular to the major axis is
called a double ordinate with respect to major axis as diameter.

(i) Latus Rectum : The focal chord perpendicular to the major
axis is called the latus rectum.

(i) Length of latus rectum
ﬁ _ (minor axis)?
a major axis
(i) Equation of latus rectum : x = + ae.

(LL) = =2a(l -&?)

[ v?) b2
(iil) Ends of the latus rectum are LLae,-;- J, L'| ae,—— |,
a

b? (b
L1['"aev?] and LI'L—ae,—?J. .
(k) Focal radii : SP=a-exand S'P=2a + ex
= SP + S'P = 2a = Major axis.

2
() Eccentricity : e-./l-é—z—
a
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2. ANOTHER FORM OF ELLIPSE ; A
%2 2 .. Directrix Z y=ble
=+ i—z =1, (a <b)

(a) AA: = Minor axis = Za
(b) BB' = Major axis = 2b

(c) aZ =b? (1-€?) K
(d) Latus rectum
2
ST B
b

equation y = + be

(e} Ends of the latus rectum are : 4

(Y e Y [ T
LL-b—.beJ,L L—F,bE/I.Ll LT‘)—‘—be}‘Ll L—F,—bE‘J

(f) Equation of directrix y = + b A
e

2
{g) Eccentricity : e-Jl-Z—z

3. GENERAL EQUATION OF AN ELLIPSE :

Let (a,b) be thefocus S,and X + my + n=
0 is the equation of directrix. Let P(x,y) be P(x,y)
any point on the ellipse. Then by definition.

axis
= SP = e PM (e is the eccentricity) $en)

(Ix + my + n)*
(i +m?)

= (2 +m? {x-a)2 + (y - b)?} = e2(lx + my + n}?

= x-a)2+(y-b?=e?

O=u+hw+x =X
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POSITION OF A POINT W.R.T. AN ELLIPSE :

The point P(x,, y,) lies outside, inside or on the ellipse according as

2 2
X1 W
T + A I =
T e ><or=0.
AUXILLIARY CIRCLE/ECCENTRIC ANGLE :
A circle described on maijor axis as AY

Q
diameter is called the auxiliary
. P
circle. Let Q be a point on the 4 \

auxiliary circle x? + y* = a* such that [--.,Tm : ____Li _’,:‘/a"’ 760
QP produced is perpendicular to the

x-axis then P & Q are called as the
CORRESPONDING POINTS on

the ellipse & the auxiliary circle respectively.'0’ is called the

ECCENTRIC ANGLE of the point P on the ellipse (0<0 < 2 ).

(PN) b _ Semi minor axis
L IQN) a Semi major axis

Hence “If from each point of a circle perpendiculars are drawn
upon a fixed diameter then the locus of the points dividing these
perpendiculars in a given ratio is an ellipse of which the given circle
is the auxiliary circle”.

PARAMATRIC REPRESENTATION :

The equations x = acos & y = b sin@ together represent the
2 2

ellipse ) + e 1

where @ is a parameter (eccentric angle).

Note that if P(@) = (acos@, bsing) is on the ellipse then ;

Q(0) = (acos0, asing)is on the auxiliary circle.
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LINE AND AN ELLIPSE :

2 2

The line y = mx + ¢ meets the ellipse =z + T 1 in two real points,

coincident or imaginary according as c* is < = or > a’m? + b%
KZ y2

Hencey = mx + cis tangent to the ellipse = + e 1ifc? =a’m® +b’.
a

The equation to the chord of the ellipse joining two points with

eccentricangles a & J isgiven by cos ;5 ﬁsmTB cosaT_B.

i 2 2
TANGENT TO THE ELLIPSE "—2+% =1:
a

(a) Point form :
Equation of tangent to the given ellipse at its point (x , y,) is
XXy y!h -1
o
(b) Slope form :
Equation of tangent to the given ellipse whose slope is 'm’, is

Y =mx+ faﬂm'& +b2
ta’m Fb?

a’m? +b? a’m? + b

Point of contact are [

(c) Parametric form :
Equation of tangent to the given ellipse at its point

xcosO 2 ysin®

=1
b

(acosp,bsin @), is

NORMAL TO THE ELLIPSE _+z_z_ 1:
a

(a) Point form : Equation of the normal 1o the given ellipse at
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12,

(b) Slope form : Equation of a normal to the given ellipse whose
a’ —b%*)m
Va? +b’m? .
(c) Parametric form : Equation of the normal to the given ellipse
at the point (acos @, bsin §) is ax. sec §-by. cosec § =(a? - b?).
CHORD OF CONTACT :

If PA and PB be the tangents from point P(x,,y,) to the ellipse
g .2

slope is ‘'m’ isy = mx F

X" N
ZEt
XXy . W
then the equation of the chord of contact AB is -+ b2 1 or

T=0at (x,y,)

PAIR OR TANGENTS : H
If P(x,,y,) be any point A

lies outside the ellipse ¢ . \ -
P 5] _/
2T :

and a pair of tangents PA, PB ‘\k

can be drawn to it from P.

Then the equation of pair of tangents of PA and PB is SS,= T?
=L Vi _ t T=21.:2_

where S, > +b . R

2
oy | X W
DIRECTOR CIRCLE :
Locus of the point of intersection of the tangents which meet at right
angles is called the Director Circle. The equation to this locus is
x? +y? = a? + b? i.e. a circle whose centre is the centre of the ellipse

& whose radius is the length of the line joining the ends of the major
& minor axis.
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13.

VT

14.

EQUATION C'F'CHUHD'W]TH MID POINT (x,,y,) :
A.lOﬁﬂ']q‘lH 2
The equation of the chord of the ellipse —I + -S-’r—g =1,
Mthﬁs&midrpﬂintb'e?(!@jwf) 19w Bijico 5 i slodysqeH ol T
W W, 2 9? Al < 4)

8 =50
ai‘*.-*ohﬂiw: ('8 WOITBIOF AAAGVATZ .1
2 X
v J

where

2]
The tangent__&".flo_rmpl_at a pcml ;|
P on the ellipsg.f'bisectithe
external &, internal arnges‘J_-' :
between tbgf’fédal distancés of f .
P. This réfers to the well krlown !

reflection propeny of the ellipse
which states that rags from one,

' Reflected vap 1B ‘Niormal
focus are reﬂected through

other focus & vice-versa. SEERTE R
Point of intersection of the tangents at the point o & P is

-p" a-f

atp o+ & o
_[acos - Ibisin«?ﬁ} -

Ccos T COsS—5—

If Ala), B(B), Cly) & D{5) are conormal points then sum 8 thelFéccentric
angles is odd multiple of . #e. ¢ +B + ¥+ 8 = (2n+Dn.

If Al), B(B), Cly) & D(3) are four, cangyclic, pgints, then sum of their
eccentric angles is even multiple of n.

iiec.a+P+y+8 =2nn

The product of the length’s of the perpendlcular segments from the
foci on any tangent to the ellipse is b? and thesfeet of these
perpendiculars lie on its auxiliary circle. ) o= A
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1.

| HYPERBOLA |
RSO LIRS T

The Hyperbola is a conic whose eccentricity is greater than unity.
(e>1).

STANDARD EQUATION & DEFINITION(S) :

x_-E F 3 ‘K=+%
B L s b?
(0. b) X = (ae, b /a)
g A A S iy
(-ae, 0) Ji-a, 0)] <[, 0)] (a 0)\ (ae.0) ~
(0,~b]1 B’ dise -7 /3
v

xi v?
Standard equation of the hyperbola is —- - = =1,
a- b

where b? = a’(e? - 1)

2

. ) b? Conjugaie Axis

or ate’ =a? + b? 1.e.ez=1+—§=l+ e e
a Transverse Axis

(a) Foci : .
S=(ae.0) & S=(-ae 0).

(b) Equations of directrices :

& x=-

X =

0|
© |z

(c) Vertices :
A=@,0& A'=(-a,0).
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(d) Latus rectum :

(i) Equation: x = + ae

2b®  (Conjugate Axis) %
(ii) Length = ®

= - ¥
(Transverse Axis) s

= 2e(distance from focus to directrix)

2 12 2 12
(iii) Ends : [ae, E—J [ae‘ —-t—}—] : [~ae, b—],[—ae, -b—]
a a a a

(e) (i) Transverse Axis :
The line segment A’A of length 2a in which the foci S’ & S
both lie is called the Transverse Axis of the Hyperbola.
(ii)) Conjugate Axis :
The line segment BB between the two points B’ = (0, - b) &
B= (0, b)is called as the Conjugate Axis of the Hyperbola.
The Transverse Axis & the Conjugate Axis of the hyperbola
are together called the Principal axis of the hyperbola.
() Focal Property :

The difference of the focal distances of any point on the
hyperbola is constant and equal to transverse axis i.e.

‘ IPS| - PS| ] = 2a . The distance SS’ = focal length.
(g) Focal distance :

Distance of any point P(x, y) on hyperbola from foci PS = ex-a
& PS' =ex +a.

2. CONJUGATE HYPERBOILA :
Two hyperbolas such that transverse & conjugate axis of one hyperbola
are respectively the conjugate & the transverse axis of the other are
2 2

called Conjugate Hyperbolas of each other, eg. x_2 - ;— =1&

a

X ol jugate hyperbolas of each oth
—a—_£+-6?— are conjugate hype ot each other.
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Note that : : mutdot 2utsd (b}
() If e, & e, are the eccentricities,of the-hyperbola-& {8 conjugate

thene'2+e-2—1 A
A 2ixA ¢ l\puno)l dS

(ii) (The'foci'ofa hyper hyper l? anq Itqgonjugate até eontyélic and form

the vertices of asquar
121159700 OF 21207 (T 1l anasteth)sl =

(Hi) Two hyperbolas are said to ble similar if they have the same

| 4 emgn{nblty o : = .f,lf-.(! 2 2bwid (i)
op & B
3. RECTANGULAR OR EQUlmm HYPERBOLA
L e parkclilii knd of Kpebitath whictitHe 1efgths of the transverse

vlor Qe ebhjugate axis Are” eqialis’ callédban: Equiatéral Hyperbola,
Note that the eccentricity of the mﬁ{ﬁﬁ?m §5 andthe

B lén‘rgth*of e i red:‘tlhﬂ el ot 4 rastersé 3¢ éon:ugate axis,

__;.."' 1H { . DO 3 ol a 5 hall 62 el 0 {
4. AUX“J.{RRY CIRCLE .
cloda 20fy nnuinn ) ol 3 semvanail gl

v MY st bellsy 1odiepal o

qotd Isaod (1)
P(asech, btanb)

: sansizib 18507 (p)

| ¥

Fave L8 IRASYH ':-'.F 1§ 1 .’\}} {
A circle drawn with centre d E’z transverse axls as a diameter

" i called the Auxl!ia.ry Circle of the hyperbola Equatlon of
" the auxiliary circle is x* +y?'='a?,
Note from the figure that P &:Qare‘called the' "Corresponding
Points" on the hyperbola & the au:dliary circle. '8 is called the
eccentric ang!e of 'thé poihf 'P*'on 'the hyperbola. (0 6 <2 n).
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ruuf pﬂ*aﬁemﬁ,gﬂmioy‘ Lobsupd @ oot oitisros1s9 (o)
bastd | 0 asz s) Imic wdl 16 slodysgyd
The equaﬁons Xx=asech&y= qun 0 together relpresents the

2 2 tine! K ”J’J’ A

x*
hyperbola —5 e =1 where 0'isa parameter.
et O B € s elnspast it Yo ooitserotni 1o tmo9 ' olol
5.  POSITION OF A POINT 'P' w.r.t. A(HYPE.RBO!.A
f: - "} L 20D
2r lx_ Jlinl q = ﬁ - !
The quantity R ] is positive |, éérd dr ;ya,gatlve according

as the pomta?z], v, lies within , upon or outside the curve.
- MOHFH‘!YH JHT OT JAMHAOVN 8
6. LINE AND'A H\Q’E 3

slod Tt swalghsﬁﬁe& Linws oris ﬁ secainyia tarsasticepaiielsbutside
3
o the hyperpola 2 @— = ? L acepyding, as ¢ w41 B -
nowip Eduetionsof-s thord:ofthie hyperbola ,33-?; .%,oa dqjolBngl)ts two

r_j " Ibrﬂ‘.i

o186 | a“q.[km Y. el -F.,Bul’:f yroL + B
o o 0T i e e
2 \
7. TANGENT TO THE l:!XEEi'.IB@LA 1___2-_._;—.‘.1 4
{a) Point form : Equahon of the if‘dngehf to thé'gkzeri' hyperbola
friog ot is Lo \m S o o sisu@b"m’[ yﬂhull}nlsmmﬁq (2)
2i slo rJ'rfE}‘tE'!1 um f.( 14 15! \ﬂ rmbé oz g 9
Note : In general two tangeqts can be dgawn frqm an external
point (x, y,) to the hyper'f)olé and they are - ﬂﬁml x-x)&

y -y, =m, (x - x,), where mI: :1 Pf&li)nﬁ %@ﬁﬁ“ﬁti‘?ﬂ

(x,? -«'-lﬁ]m2 2xy, m + <0, then no

Jtafs %ﬁ{ ‘gaﬁ 4 ”H’fa t o ?o, urri mj tJf“ 1o HU'\{J'rbéiﬂ
:).’ﬂ shaourd ol o slaiD votoeridl '-)::ﬂl 56 MW ml ¢ esipns
(b) Slope form T,ll qu?}lon _of 1angents o]f s]oH?. m to the

ooty ot GIVED, hw?erlwla ISy =MX 4a/a%m% .1:»_? ,ﬁ?intﬁ,t@mecf are

vesd el i oigdfapr) 15 olagPiniog) s o1 2anubot Hf % o e
iflpi e 2

\Ié“rh?f 3"*5352 01 .bﬂnuu vino ol 2l ouiren ol
Note that there are 6 par; SR Ray Iﬂ%sﬁﬁ%ﬂf m.

I} oo 4016 12 omIESARancest' Laaders Masim' Shogi\ Hyskoock, Matts) Forrmala, Boch (o EX9.p8S




Mathematics Handbook T it

(c) Parametric form : Equation of the tangent to the given
hyperbola at the point (a sec 8 , b tan 0) is

xsecf ytan® _
a b
Note :* Point of intersection of the tangents at 8, & 8, is

0, -8,
cos [152)

bt (B]+92)
X=a———, y=btan| =
cos (%) 2

X,

2

2
8. NORMAL TO THE HYPERBOLA :—,-5’—=1=

b!
(@) Point form : Equation of the normal to the given hyperbola
2 2
at the point P (x, ,y,) on it is i;i+%—2-=az +b% = a?e?,
1 1

(b) Slope form : The equation of normal of slope m to the given

e +b2
hyperbola is v =mX¢M foot of normal are
(aﬁ _mEbE)

2 2

3 a % mb
J[aZ o m2b2) 4 J(az s mZbZ)

(c) Parametric form :The equation of the normal at the point
P (a sec 8 , b tan 8) to the given hyperbola is
ax by
sec6 tan®

9. DIRECTOR CIRCLE :

The locus of the intersection of tangents which are at right
angles is known as the Director Circle of the hyperbola. The
equation to the director circle is : x* + y* = a* - b?.

If b? <a? this circle is real; if b®=a? the radius of the circle
is zero & it reduces to a point circle at the origin. In this case
the centre is the only point from which the tangents at right
angles can be drawn to the curve.

100
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If b?> a? the radius of the circle is imaginary, so that there is
no such circle & so notangents at right angle can be drawn to

the curve.

CHORD OF CONTACT :

If PA and PB be the tangents from point P(x; y,) to the Hyperbola
K2 92

7 =1, then the equation of the chord of contact AB is
a

%xz—l 3’{:;‘-1 or T =0at (x,,y,)

PAIR OR TANGENTS :

2 .2
If P(x,,y,) be any point lies outside the Hyperbola x—- ;— =1 and
a’

a pair of tangents PA, PB can be drawn to it frorn P. Then the equaticn
of pair of tangents of PA and PB is §8,= ¢

O A | S I
e, az b:! \32 b2 az bz

EQUATION OF CHORD WITH MID POINT (x,,y,) :

2 2
The equation of the chord of the ellipse x—2 - i—z T
a
whose mid-point be (xl.yl) isT=5,
where T = i O =15, = _z_ﬁ_
a? b2 a® b’

o (B )[X¥_¥ 4
T la? b a® B

ASYMPTOTES :

Definition : If the length of the perpendicular let fall from a
point on a hyperbola to a straight line tends to zero as the point
on the hyperbola moves to infinity along the hyperbola, then the
straight line is called the Asymptote of the Hyperbola.
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2i omri Irr{t oe 'J'Fﬂl{=6“1‘[ gl ol ot lo euibst o 2 b« 2[ T
o s Eombined %MQPQE Wﬁ}%ﬁﬂib&mﬂ@l@’qr "'*Ea' 5 willbe

2 2 o odi

a? b? : TOATVIOO 30 GHOHD .01
b'%&mr*ﬁqhﬂgm m;}nbl srlt od 849 Lﬁﬂ'}; A4 1
Rectangular hyperbola referred to its
zi A wepkmptoles basdaxis liofocoordinatess 11 nodt |
(a) Equationisxy = c¢? with parametric
representation x = ct, W, = edt) £ T +
- {0}
(b) Equation of a chord joining the: @FUEIDVIAT A HIAG
g P(tf)&Q(l} is x+t t,y=clt +t,)
b
bos [ == —-;— slodieqylLgrit Qme!uo a_ui tiog yns od (¢, x99
“dwithslope m = —

noitsups st nsdT 9 mol i Ltawsth sd nen 89, A etrioprst lo Tisq 6

ST =,22 21 89 brs A9 1o dq@pnwlo tisq to
(c) Equation Df the t}mgeﬂl at P [1-:1 ,y )\@ xu F y_p 2
o ; = ovorlw

j ’l f
&aLP{t):s ?+ty 2::{ 6,_ o

[ A JX"- |I "{ -r.'(llr ¥ "'E{I 9.
(d) Equation Df‘ﬁorméﬁ is 9'_"—({2{’“’“& ¥y

(@ ‘EreARHIQR AR AQ AQTAVOF S !
15. IMPORTANT HIGHLI

i sacills oi } o brort srt Yo noitsups odT

(i) The tangent arfd notmal at;,ang,:r ‘n&o B(Wé'wa “ige_gtdwe angle

between the focal radgl

did

;Q | 4 :i J I)(}f L _ " [

(ii) Reflection propertybf the. hgberbola -An incoming Ii}gl?t{ ;ay aimed
towards one focus is reflected frgrn tl}exou er su:_[ece of )he hyperbola
towards the other focus. | [E-q '_, S5 ‘ g S |

: 23TOTIMY2A &I
s mott st isl slusibregisg odt lo dipasl nﬂ il : noitinitsdl
tmioq) 9t 25 ovss of ebast enil trpiste s ot slodisqurd 5 no tniog
ot norlt | sledrsaud st priols yiinitnt ot 2sverm slodisgyd ot no
slodrequH st lo stotqmyeA ori bollso 2 sail tdpistiz
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of degree n. e g

sl 1_.,-————“1 » stol]
s bollss ai -.;:-:.{31 Inislering o FUN@TIONU Yo lsim ulugiﬂ A (i)
}""W!"H"m e "fﬁ"'ﬂl's'i bho
lﬁr'pﬁﬁmﬂ‘:-’ cootaned letenemodg awt sis sadl (i)
If to every value (consideréd as\rgal unldss -othértwise stated) of a
variable x, which belongs to a say A, there coprgspqegs one and
only. one.finite walue of the quantity ¥,whigh belong t&ﬁet B, then

y is said to be a ﬂ.mcnon mrf and written as.f : A — = f(x),

nrj IO & 1o d(
X is ca]ledargument or indepe entvanable and 1sca1led fgendent
ne 1o apeay @ zeatorw H o le lrrn\rlw q 991peh Lbo “ oprisel (vi)

S ovovern g [simonylog ssrpsh move
Pictorially : - X5 Hx).=3isonut sisrdspld (d)
od nso 1 Y noitand P 1duple n@WBWES 21 1 aoitomid A
rio:tilyhis altedither image of =i&dwiib-the iprésimagezofoy, under f.
pnite Evanyifunction:f kA o Buatisfids the fllowing conditions.
(i)f cA xB (i) YacA 3 b&Beichithat (a,b) e fand

v noitonut lsao® 1 (
(iii) If (a,b)ef&(a,c)ef = \EoERmRL lsan -
{(x)p

2.1 DOMAIN, CO-DOMAIN &'RANGE 'OF ' ASFUNCTION :

Letf: Al B}ftheﬁ:!thmsewmis‘imévbﬁfﬁk 312 duniain of ' &

the set B is known as co-domiainof ", _""hé ?éf‘gf’gl f images
0108t e RFHERR of AV kSRR 4 the FARYE o111 TGS

Domamﬂg t:}nu:r mthn‘gp& ﬁuﬁr lﬁ,ilﬂsnoqﬂ {b)

e bg {rf;r e P = |« moitorusi A
%eoff—f{x)lxeAPt)eB} .
riok L)"i._.' [sitronogxs siito szxsuni ad 1 Lrnotidout leitnstogxe
Ran%e is a subset of co-domain.
e g '-"!:. LT L NOITRUT DI

1 .-'"H.-t;--_'a‘ ‘qur‘ E!'#‘I.".‘- zl

8115 IMPORTANT TYPES-OF FUNCTION ()} 1611 w10V

ol r::_-.(gy -’Pcils!ﬂ@ﬁﬂﬂl"’ﬂﬁ'lif_‘ﬁéﬁ’:’: zociianud) owoerds 26 916
If a function 'f' is called by f(i) =agxhd bp{hﬂ!qﬁa':,!gn-z =
+a, ;X + 2 whereHis a non nédative intbgeriandeg(d, a,,..a
are real numbepsarid a, # 07then § iy called api@yneial function
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Note :

(i) A polynomial of degree one with no constant term is called an
odd linear function. i.e. f(x) = ax, a # 0

(ii) There are two polynomial functions, satisfying the relation ;
f{x). {{1/x) = Hx) + f(1/%). They are :
(a) fix)=x"+1&
(b) fix) =1 - x", where n is a positive integer.

(iii) Domain of a polynomial function is R

(iv) Range of odd degree polynomial is R whereas range of an
even degree polynomial is never R.

(b) Algebraic function :
A function ‘f’ is called an algebraic function if it can be
constructed using algebraic operations (such as addition,
subtraction, multiplication, division, and taking radicals) starting
with polynomials.

(c) Rational function :

{x)
A rational function is a function of the form y = f(x) = %

where g(x) & h(x) are polynomials & h(x) # 0,

Domain : R-{x | h{x)=0]

Any rational function is automatically an algebraic function.
(d) Exponential and Logarithmic Function :

A function f(x) = a*(a > 0), a # 1, x €R is called an

exponential function. The inverse of the exponential function

is called the logarithmic function, i.e. g(x)= log,x.

Note that f(x) & g(x) are inverse of each other & their'graphs

are as shown. (Functions are mirror image of each other

about the line y = x)

Domain of a*¥ is R Range R*

Domain of logx is R* Range R
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aix}=log x

(e) Absolute value function :
It is defined as : vy = x|

X if x=20
N -X il x<0

Also defined as max{x, —x}

Domain : R Range : [0, «)

Note : f(x)=|—i— Domain : R-|0} Range : R*

Properties of modulus function :
Foranyx,y,a € R.

(i) Ixl =0 i) Ixl = 1=xI
I x|

=7 ;b=20

(i) Ixyl = Ixllyl (iv) 3 Iyl

M Ixl =a=>x=xa () Jx =[x

(vil) Ix| 2a=x2aorx<-a, whereais positive.
(vii) Ix| <a = x € [-a, a]. where a is positive
(ix) Ixl > lyl= x?>y?

@Ixl+lylElx+yl = xy20

&) ||xr_|y”2|xl+|y|:{tb]lx|+|yl=lx—-y| = xys0
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(f)Slgﬂum fl.”ctlon S ; 3 y

M. ;
Slgnum fuhctiony = sgn ‘l\ L
s def:he/id/}wf@llows T '3
& 1 for x x“ I"".':'_-l"f' "‘y--Sghx

Uy =40 forx=0
:1-._fpr x<0 ."":i‘_. ]

! R
Range: (-1, 0, 1)
‘datest integcr or M%ﬁm’”lmdﬁ (o)

. i \g iF él titab zi 1l
Thq functign y = f(x) = [x] i§ calfed the greatest integer
where [x] denote% fie gréhtest ﬁltéget less than

> X ti X |
%—Note that for :
{#~ .xlxsm 26 bsaileb ozlA

y
(X ._‘ULL&&ELAK]_H. : l‘liﬁ(npﬂu of y = [x] 3
[-2-1) | -2 L :
il sg_nl:‘irﬂ W= aismod i—;ﬂ stoVl
0,1) | 0 : noitomud au[ubom’l: aqihq tord g
2 | 1 BEE YT T
—
[s=1 = 1l {ii) 0<ixl (i)
Domain : R | S W
18 I%
]ﬂiﬁd& e Al Ul (i) fyl IxH«8 lux! (i)

Propertigﬁ ___of;;grref%est ig‘lt:gg_ﬁen; f(l;‘ngti:oqle )

(i) [x]ﬂxé[x]+1andx—1<[x]$x,0£x—[x]{l
ovitizoqeisotedw s-2x10862xe6< (xl (iiv)

(ii) [x+yfsﬁl{'l<'l ), 4, JWW”EEO Y62 ixl (itiv)

[+l +1 el +dybedl 2 )y o

i % (-2 Pk o]+ 1] 2

i Ix]|
02y < lu-xltbxekie) -]
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1 ¢ ammmul sittomonopitt ()

Note : f(x) = [xj
1=

(=it - moitaryl saie (i}

Domain {[Ri-|[0,adheH Rangie;:aindrmﬂl nel-{0}}
n

(h) Fractional pacﬂ"‘l‘untﬁﬂh ssnottamd endenl (i)
1t ts'defined . &s! :: glrprsd {x} = % —rfekiell.

X ’bﬂh’i = b goilbhoe? InopnsT (i)
[—-—2,—-1-:% [-X'il*é_ulf L i L. 5 ¢ "l‘g‘?‘p&{o{y- -
F1,0) | x+1 A
[0,1F poems = (]
(1,2) g g = «la - Al oismrodl
e boreg L JI-) - H : spasH

Domain : R‘ _' B‘an ge: [0,1 Period : 1

¥ 082 = 4N :nuflumz inr‘mr3 {v;

(1 g (L + a8} = ¥ix - H : aismod

Note : f(:-:J—i Dnmam ¢ R-1 cR&Mﬂ.ﬁ (1, =)

A soiiomut taepasin (§
(1) Identity functlon.

1 |1
T s rismold

The functionf: A — A defmgd

¢ angsH

byfx) = x ¥x € Aiscalledthe = »
identity functionsion Avandiigzrioaogind /4 i)
denoted byl A ” _
I msana’, . i o M
{)] Constant function : _ Ve
" fiAS B is said to ‘be constant 4 y=C
function if every element.of A . > X

. has the same f image in B, Thus
f:A> B ;fx) =c, Vx €A,
¢ ‘€ Bis constant function!*

Domain : R Range : (c]
, ¥ biarak / SR i ;
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(k) Trigonometric functions :
(i) Sine function : f(x) = sin x
Domain : R Range : |-1, 1], period 2n
(ii) Cosine function : f(x) = cos x
Domain : R Range : [-1, 1], period 2n
(iii) Tangent function : f(x) = tan x

Domain : R—{xlx:@.n el}

Range : R, pericd =

(iv) Cosecant function : f(x) = cosec x
Domain : R - {x|x = nn, n €l]
Range : R - (-1, 1), period 2n

(v) Secant function : f(x) = sec x
Domain : R-{xlx=2n+ 1)n/2:nel
Range : R - (-1, 1)}, peried 2x

(vi) Cotangent function : f(x) = cot x

Lader| Maths Sheer | Handbook_Maths Formuls Bock [EngiEngish pbS

16 17 Kaxsh,

Domain : R - {x|x = nn, n €l
Range : R, pericd x
(1) Inverse Trigonometric function :

() fx) = sin! x Domain : [-1,1]  Range : [-%%]
(i) f(x) = cos! x Domain : [-1, 1] Range : [0, n]
(iii) f(x) = tan"* x Domain : R Range : [—%—;]
(iv) f(x) = cot! x Domain : R Range : (0, n)
() f(x)= cosec’x Domain : R +-1,1) m:[_g,g}ﬂ
(vi) f(x) = sec? x Domain : R-(-1,1) Range :[O,n]—{%}
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EQUAL OR IDENTICAL FUNCTION :
Two function f & g are said to be equal if :
(a) The domain of f = the domain of g

(b) The range of f = range of g and

(o) f(x) =g (x), for every x belonging to their common domain
(i.e. should have the same graph)

ALGEBRAIC OPERATIONS ON FUNCTIONS :

If f & g are real valued functions of x with domain set A, B
respectively, f + g, f — g, (f.g) & (f/g) as follows :

(a) (f + g)x) = flx) = g(x) domain in each case is A n B

) (f.g)x) = f(x).glx) domain is A n B

() [.f_] (m:ﬁ domain A N B - {x1g(x) = 0
el g(x)

CLASSIFICATION OF FUNCTIONS :

(a) One-One function (Injective mapping) :

A function f ; A — B is said to be a one-one function or
injective mapping if different elements of A have different
{ images in B. Thus for x,, x, € A & f{x,), flx,) € B, fix,) = f{x,)
S Xy =X, OF X; # X, < flx,) # f(x,).

Note:

(i} Any continuous function which is entirely increasing
or decreasing in whole domain is one-one.

ii) If a function is or.e-ore, any line parallel to x-axis cuts the
Y
graph of the function at atmost one point

(b) Many-one function :

A function {: A - B is said to be a many one function if
two or more elements of A have the same f image in B.

Thus f: A —» B is many one if 3 x,, Xy € A, fix;) = f(x,)
but x; # x,

109

REER INSTITUTE Mathematics Handbook




icsi 3
~ Note Ifahmmknahmmww local

a
Cl

minimum, then f(x) is many-one because atleast one line parallel

to x-axis w:ﬂ “ihtersect the graphy of Fuhdtion” #tléast twice.
Total number of functibng 1t = | to aismob 54T (s)
= number of dnesope functions: +niimiberof many-che(ffjnction

s mde) Onteofunction (Surjestive) w155 ol (41 p - (x)! ()

If range = cddomidin: thén k) i&'6htd. - iz 9.0)
(d) Intc ﬂ‘(?‘lch)('H‘JI VIO 2A0ITASIYO DIAREIADIA &

2 FPTRP S8 i Sch tHAL herd diists alfeé’st’cﬁ:e”elkr,rlnent in
co-ddmat dhich b Rofthélinfage' of afiy ' elééiitFi’ddmain,
g ~thenifls)ds iptes ni mismob (g + (Wt = (g = Y (8)
Note : 2 nistriob  (p.let = (Xip. 1 (d)
(i) If '’ is both injective &sw]ectwe then it is called a Bijective

{ mapping.-Fhe bijective functions are also ndmed as
invertible, non singular or biuniform fiinctions’

(i) If a set AZONAihe' ' Bltindt el8iérs thieH tHe/mimber &
differery, functions defined from A A}, is ! r&aompf it nl
are one one and rest are many one.

(lii)f R —> Rxsapdsmmwab il
() Of even degree, then it will neither be m}ecnve nor

surjective. e o

(b) Of odd degree, then it wﬂ] always bemn‘}ectwe no
” general comment can be glven on its m;ectlvlty

. COMPOSITE OF UNIFORMLY & NON-UNIFORMLY
' .. DEFINED FUNCTION: . - (i)

Letf:A>B&g: B—)Cbéﬁnoﬁhcﬁohs.Theﬁtﬁeﬁ;pdlongof:
A - C defined by (gof ) (x) = gff(x))' ¥’x'€ Ais called the’composite of

-the two functions f & g.

Hence in gof(x) the range of ‘f* must be a subset of the domain
of ‘g’. 'x g > e(f(x)

ook Maths\ Formuls Book (Engl\Englsh p65
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10.

11.

Properties of composite functions:
{a) In general composite of functions is not commutative i.e.
gof # fog.

{b) The composite of functions is associative i.e. if f, g, h are three
functions such that fo(goh) & (fog)oh are defined, then
folgoh) = (fog)oh.

{c) The composite of two bijections is a bijection i.e. if f & g are
two bijections such that gof is defined, then gof is also a bijection.

(d) If gof is one-one function then f is one-one but g may not be
one-one.

HOMOGENEOQOUS FUNCTIONS :

A function is said to be homogeneous with respect to any set of
variables when each of its terms is of the same degree with respect
to those variables,

For examples 5xZ + 3y? ~ xy is homogenous in x & y. Symbolically
if, f(tx, ty) = t" f(x, y), then f(x, y) is homogeneous function of
degree n.

BOUNDED FUNCTION :

A function is said to be bounded if |f(x)| <M, where M is a finite
quantity.
IMPLICIT & EXPLICIT FUNCTION :

A function defined by an equation not solved for the dependent variable
is called an implicit function. e.g. the equation x3 + y3 = 1 defines

y as an implicit function. If y has been expressed in terms of x alone
then it is called an Explicit function.

INVERSE OF A FUNCTION :

Let f: A — B be a one-one & onto function, then their exists
a unique function g : B —» A such that f(x) = vy & gly) = x,
¥ x € A &y € B. Then g is said to be inverse of f.

Thus g = f1: B o A = {(flx), x)) I {x, f (x)) e f}

Mathematics Handbook
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Properties of inverse function :

{a) The inverse of a bijection is unique.

(b) If f : A —» B is a bijection & g : B — A is the inverse of {, then
fog = Iz and gof = 1, where I, & I are identity functions on
the sets A & B respectively. If fof = I, then f is inverse of itself.

B

(c) The inverse of a bijection is also a bijection.

(d) If f & gare two bijectionsf: A — B, g : B - C & gof exist, then
the inverse of gof also exists and (gof) ™! = f-log™.

(e) Sincef(a) = bif and only if {(b) = a, the point (a, b) is on the graph
of 'f' if and only if the point (b, a) is on the graph of {1, But we
get the point (b, a) from (a, b) by reflecting about the line y = x.

yll

y=f(x)

y=1"(x)

‘The graph of ! is obtained by reflecting the graph of f about the line y = x.l

12. ODD & EVEN FUNCTIONS :

If a function is such that whenever %' is in it's domain '—x' is also

in it's domain & it satisfies
f(-x) = f(x) it is an even function
f(—x) = —f(x) it is an odd function

112
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Note :

(i) A function may neither be odd nor even.

(ii) Inverse of an even function is not defined, as it is many-one
function. .

(iii) Every even function is symmetric about the y-axis & every
odd function is symmetric about the origin.

(iv) Every function which has '-x' in it's domain whenever X' is
in it's domain, can be expressed as the sum of an even &

an odd function.
eg. f(x) = f‘t’ +2“_X). . If{x} 'zf(-x?
EVEN ODD

(v) The only function which is defined on the entire number line &

even and odd at the same time is f(x) = 0

(vi) If f(x) and g(x) both are even or both are odd then the function
f(x) . glx). will be even but if any one of them is odd & other is
even, then f.g will be odd.

13. PERIODIC FUNCTION :

A function f(x) is called periodic if there exists a positive number
T(T >0) called the period of the function such that f(x + T) = f(x),
for all values of x within the domain of f(x).

Note :
(i) Inverse of a periodic function does not exist.
(ii) Every constant function is periodic, with no fundamental period.

(i) If f(x) has a period T & g(x) also has a period T then it
does not mean that f(x) + g(x) must have a period T. e.g.
flx) = Isin x!+lcos x1.

m node 207617 VKote\ JEEIASuerrect| Landes Mathe\ Sewt! Handiooe. Mt Formuin Book Engh Engheh pih
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14.

15.

(iv) If f(x) has period p and glx) has period q, then period of f(x) + g(x)
will be LCM of p & q provided f(x) & g(x) are non interchangeable.
If f(x} & glx) can be interchanged by adding a least positive number
r, then smaller of LCM & r will be the period.

@ 1 9 has period p, then f(l—x)and JiT abo hona puetiod p.

(vi) If f(x) has period T then f(ax + b) has a period T/a (a > 0).

(vil) Isinx|,lcosx |, |tanx|,lcotx|,|secx| & |cosecx| are
periodic function with period =.

(viii) sin™x, cos"x, sec™x, cosec™x, are periodic function with period

271 when ‘n’ is odd or n when n is even.

(ix) tan™x, cos"x are periodic function with period n.

GENERAL :

If x, y are independent variables, then :

(@) fixy) = f(x) + fly) = f(x) = kfn x

) flxy) = f(x) . fly) > fix) =x", ne Ror f(x) =0

() fix +y) = f(x) . fly) = flx) = a™ or f(x) = 0

(d) flx + v) = f(x) + fly) = f{x) = kx, where k is a constant.
SOME BASIC FUNCTION & THEIR GRAPH :

(@ v = x?", where n € N \ 1

)y =x>+*1 whereneN 0 1 x

B
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1
(d) y=—;, wheren € N
X

Mathematics Handbook

1
(€ y =x?" wheren € N

1

() y=xm,whereneN

Note : y = x?/3

Y ’“ﬁ:_“ 1
........ y=x*
1
y- xl:'.‘
’_,.—-ﬁ;‘xuﬁ
1 X
1
2
v Y= x3
O x
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(@) v = log,x

when a > 1
Iag,a: e
y 7 /) doasx

-~
s

Seesmmme e

s
=

(i) Trigonometric functions :

Y
{-3x/2,1) (n/2.1)

y = sinx

Yy = COS X /—\

y = tan x

Mot Formula Book Engl\Engheh.pbs
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v
U U y=1
(-3n/2.1 =/2.1)
= COSecx .
y 0 R
—=/2,~1) 1322 -1) _
AN S
F r ¥ L
x=2r xm-n X= =2
V4
U U su=1
=25,1) 10,1}
Y = sec X o X
(-=,-1) 5, 1)
m m Pyl
¥ v v
K==—— X -% J(-'-?E 31;:37;
V4
i
K ) i
y = cot x I o
_Jn _E. X0 i 3=
¢ 5 { 5 ( 5 } :( 2 0)
1 v ; v
x=—21  K=-1 X=x x=2x

where D = b? - 4ac
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16. TRANSFORMATION OF GRAPH :

B

(a) when f (x) transforms to f (x) + k
if k > O then shift graph of f (x) upward through k
if k < O then shift graph of f (x) downward through k
Examples :
Y

A
rd sinx+1

\ /
1. N o N i

" sinx =
= o T Mo, OT
N 5

. Wsinx-1
. N
"\...f/ “‘.__f/

®) f (x) transforms to f (x + k) :
if k > O then shift graph of f (x) through k towards left.

if k < 0 then shift graph of f (x) through k towards right.

Examples :

m PO 21016 17 KatatJEEAdvanced) | Leader Maths\ Shaet' Handhook_Maths' Formuln Book [Engl\ English pih
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(c) f (x) transforms to kf (x) :
if k > 1 then stretch graph of f (x) k times along y-axis
if 0 < k < 1 then shrink graph of f (x), k times along y-axis
Examples :

(d) f (x) transforms to f (kx) :
if k > 1 then shrink graph of f (x}, 'k’ times along x-axis

if 0 < k < 1 then stretch graph of f{x), 'k’ times along x-axis
Examples :

1
.............. e
-2 r,'l '-“ 4 5 { it
\\"’I D A0 W aNInE o
; R W gin2x
X
5‘”2/‘ -1 sinx

(e) f (x) transforms to f (-x) :
Take mirror image of the curve y = f(x) in y-axis as plane mirror
Example :

", tnf-x) tnx

() f (x) transforms to —f (x) :
Take image of v = f (%) in the x axis as plane mirror
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Examples :

-
-----
]

f (x) which lies below x-axis
Examples :

(@) f (x) transforms to | f (x)| :
Take mirror image (in a axis) of the portion of the graph of

| VI
i X

.

nx

]
]
’
.
'
’
H
1
5

(h) f(x) transforms to f(Ixl) :
Neglect the curve for x < 0
x 2 0 about y-axis.

' 3 X
. ‘l‘

L
LY
(1
L)

N
I "
s
L T “""ﬁml

and take the image of curve for

mlx]|

/.
/

v %
/e
X

/

2u vl
V

y e|!|
\|l/
| X
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l) y =

Tt Mathematics Handbook
f () transforms to lyl= f(x) :

Remove the portion of graph which lies below x-axis & then
take mirror image lin x axis] of remaining portion of graph
Examples :

L <Y

A 7T

OO
N, OO

lyl=1-1xI e
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e R,

' INVERSE TRIGONOMETRIC FUNCTION E

| es——

FUNCTIONS :

1. DOMAIN, RANGE & GRAPH OF INVERSE TRIGONOMETRIC

y
(@) f1:[-1, 1] [-n/2, n/2] /2 | sime
f{x) = sin”'(x) P
0 1 i
: -n/2
V=arc sinx
(y = sin"'x)
®) {101, 1] [0, 7] 4
~1) — =
f~1(x) = cos™" x ”
-1 0 i
(y = cosx)
(©) f_I:R—b(—TI:/Z, /2) 'Y
nf2 ar;m
f1(x) = tan"! x v
0 o
y=arc tanx
-n/2
(v = tan™'x)
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(d '.R-(0,n yq

T

f‘l (x) = COt_l X y:arcm
n/2
y=arc cotx

0 s
(v = cot'x)
@ (o, -lullo) .
10, 7/2) U(n/2 7] L&
f1(x) = sec ! x ) 0 T :"
® (0 -1JU[1, o) ' ”“‘w
= [-n/2, 0) U (0, n/2] —— - >x
f71(x) = cosec ! x e

PROPERTIES OF INVERSE CIRCULAR FUNCTIONS :
P-1:

(i) y=sin(sin'x) =x, xe[-1,1],y € [-1,1], y is aperiodic

(i) y=coslcos'x)=x ,xe[-1,1],ye[-1,1] yisaperiodic
(iii) v =tan(tan™ x)=x, x € R,y € R, y is aperiodic

(iv) v = cotlcot! x} = x, X €R, v €R, y is aperiodic

(v) vy =cosec(cosec” x) =x, Ixl > 1, lyl > 1, yis aperiodic
(i) y=seclsec?x) =x, Ixl >1; Iyl > 1, yis aperiodic
P-2:

X

2]. Periodic with period 2x.

n
() y=sin? (sinx),xeR, Y E[_E’
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3n
-i-X , ——<X<$——
2
X u<xs“
y 23 2
s n{x{3n
e Y AnTERg
sin”" (sinx) = +
X —2n i:r£s>t~=—5—1
Y2 i -
5n 7n
3n-x , —<xs—
2 2
n On
X—-4dn , —<x<—
2 2
4
T g ”
i A, 1 & o, &
g A 2 3
-2n 3n -1 r .
-3 (8] - 2 M
=

(i) v = cos™ (cos x), x € R, v € [0,n], periodic with period 2x

-x , -m<xs50
X P ) X<
=1
cos (cosx)=<2m—x nT<x<2n
Xx=2n , 2n<x<3n
dn-x , 3n<x<4n
('
b4
4 s s
)-r.q’ ‘\_’_ -ri ¢ ﬁ‘?’
q"+ 2 S
- 2n -n T [¢) X n 211::
= 2
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(iii) y = tan™! (tan x)

X € R—{(Zn—l)g.n EI}; v E[—n E),peﬁcdicwith period n

2°2
X+m —ﬁ¢x<—£
2 2
X B R
' 2 2
-] n 3n
tan™ (tanx) =< x-n -2~<x<—2—
’ X—2n E4.:{4.—5—1—1:-
R 2
5n 7m
=fr . &= dit
Lx i 2< 5
AV

i
0
--.-L=
g
e
ANG,
>
L e Attt -
rol=
O _p%.f.
L
\n\
%
+
————————)
o
5
=<y

[ A
Mo ]

(v) y=cosec? (cosecx),x e R-nnnelly e[—%,OJ U[O,%]y

is periodic with period 2 7.
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'y
s ¥l r £ *_,w“‘
% A
i <R A% g % 3 ”
_;5_271 T - T %
1
2
(vi) v = sec’? (sec x), y is periodic with period 2n
T 7t T
xe R=<(@n-1)=nel;, yve O,—]u[—-,n
{{ 12 } y [ 5 5
yh
4 & +
xq" I Jf'@ - '\3.# I Ja%
A N 24 T RN
[ BV
1 i i I i >
-2n _3_1-[ -n _.n o) " .'E an 2n X
2 z % 3
P-3
(i) cosec? x = sin™ =4 x <=1, x>1
" 1
(ii} sec™ x = cos™! = B <1,x>1
1
(iif) cot'x = tan™ > x>0
=qn+tan? — ; x<0
P-4:
(i) sin'(x)=-sin?tx , -lgxgl
(i) tan?(x)=-tan?’x , xeR
(iii) cos' (x)=n-cos'x, -l<xx<l
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(iv) cot’ (-x)=n-cot?’x, xeR
(v) sec?'(x)=n—-sec?'x, x<lorx>1
(vi) cosec!(—x) =—-cosec?' x, x<-lorx>1

P-5:

(i) sin?x+costx= % -1<x<l1
(i) tan? x + cot™! x =% xeR

(iii) cosec“x+sec“x=% Ixl > 1
P-6:

X+
(i) tan! x +tan'y =tan’ 1__):; wherex >0,y>0&xy <1

X +
=1 +tan™ lhxi.wherex>0,y>0&xy>]
=%. wherex >0, y>0 & xy =1

x .
(i) tan?! x—tan'y = tan’! 1

where x>0 ,y>0
+ Xy

(ifi) sin™! x + sin!y = sin! [x\fl_yz +y\j1—x21‘
wherex >0, y>0& (x?2+y¥) <1

T
Note that : x* + y* < 1 :>0<sin"x+sin“y-::?-

(iv) sin” x + sin”' y = n — sin™! [x\fl—y12 +y\/1 %],
where x>0,y>0&x*+y* > 1

T
Note that : x? + y2 > 1 = 2 <sin? x+sin?y<n

(v) sin™ x—siny=sin? [){.J'l_y2 —y\{l—xz Jwherex>0,y>0
(vi) cos™x +cos'y = cos™ [xy — V1 -x%/1-y*], wherex >0,y >0

cos"(xyh}l—xz\fl-yz) i x<y, x,y>0
—cos'l(xy+41—x2\}1—y2); x>y, xy>0

(vi) cos™ x—cos?y=
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e

tan'x + tan’'y + tan! z = tan™!
e Ll 1-xy-yz—2zx

if x>0,y>0,z>0&xy+yz+2x<1

Note : In the above results x & y are taken positive. In case if these
are given as negative, we first apply P-4 and then use above results.

SIMPLIFIED INVERSE TRIGONOMETRIC FUNCTIONS :

[OF'S

(@) y=f(x)=sin" (%] x/2

A
[y
[=]
—

2tan"! x if Ixlkl

=|n-2tan'x if x>1

v

~(n+2tan'x) if x<-1 -
1_x2 Y
=f(x)=cos! L
b) v=1x) (MQJ
D n2 I
B 2tan'x if x20 5
~2tan'x if x<0 i Ovlv A .
R I~
© y=fx)=tan! == w2
1-x 4
Y
< > &
2tan”'x i Ixkl .
I
=|n+2tan'x  if x<-1 4
/2
~{n-2tan'x) if x>1 ¥
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(d) v =f(x) = sin”? (3x - 4x?) x/Jy

~(n+3sin"'x) if —1gx$_l \D D
21 S21-1/2 | A1/2 ks
< —
= 3sin ! x if —%st%
il : 1
-n-—351n x if Estl —xlﬁ,,
(@) vy =1f(x)=cos™(4x3 - 3x) ' %
i e :\p
3cos'x-2n if —15x5—§ /2 :
1 1 1 :
- 2 _3 e -i ‘__S S— i '
== > X
3cos'x if % <x<1 Tz 3 472
AV
13)] sm'3(2xv1—x2) 21
. A ;
—(n+2sin"lx)—1£xg_i J.E '1 >
Z T T3
={2sin" x —L"sti &
NN} v -
¥ 1
g-2sin x —<x<1
L V2
{g) cos'(2x?-1)
_|2cos7 x 0<x<1
2n—2cos'x -1<x50
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LIMIT |
Lw y
DEFINITION :

Let f(x) be defined on an open interval about ‘a' except possibly at
a’ itself. If f(x) gets arbitrarily close to L (a finite number) for all x
sufficiently close to ‘a’ we say that f{x) approaches the limit L as x

approaches ‘a’ and we write Lim{f(x) = L and say “the limit of f(x),

X—+a

as x approaches a, equals L".

LEFT HAND LIMIT & RIGHT HAND LIMIT OF A FUNCTION :

Left hand limit (LHL) = Lim f(x)= L:m fa-h),h>0.

X—ha

Right hand limit (RHL) = Lim f(x)= le fla+h),h>0.

x—»a"

Limit of a function f(x) is said to exist as, x > a w’ 2n
Lim f(x) = Lim f(x) = Finite quantity,

A—ra

Important note :

In Limf(x), x > a necessarily implies x #a. That is while
X—+a

evaluating limit at x = a, we are not concerned with the value of the
function at x = a. In fact the function may or may not be defined at

X=a.

Also it is necessary to note that if f(x) is defined only on one side of
‘x = a’, one sided limits are good enough to establish the existence
of limits, & if f(x) is defined on either side of ‘a’ both sided limits are
to be considered.
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FUNDAMENTAL THEOREMS ON LIMITS :
Let Limf(x)=! &Limg(x) = m.lf / & m exists finitely then :

(a) Sum rule : I;.l_.[l‘l [f{x] + g(x)]: [+m

(b) Difference rule : I”_!T[f(x}—g(x)]= I-m

(¢) Product rule : Limf(x).g(x)=1,m

{d) Quotient rule : Lim m = i provided m=0

x>a g(x) m

(e Constantmultiplenﬂe:L_imkf(x):kl_irr;f(x);wherekisoonstant.

(f) Power rule : If m and n are integers, then Lim [f]™" = 1™/n
provided /™" is a real number.

(@) E}r?f [a(x)]=f (I:{E g{x)] =f(m) ; provided f(x) is continuous at
X=m.

For example : ]II-EE (n(f(x) = £ n[I;EE f(x)] ; provided ¢nx is defined

at x= lt_iT f(t) .

INDETERMINATE FORMS :

0 o™

y —ym—00, Oxeo, lw:on) 000-
Q0 o

Note :

We cannot plot o0 on the paper. Infinity (90) is a symbol & not a
number. It does not obey the laws of elementary algebra,

131

Mathematics Handbook




Mathematics Handbook ﬂ
5. GENERAL METHODS TO BE USED TO EVALUATE LIMITS:

(a) Factorization :

Important factors :
() x"-a"=(x-ax"'+ax"?+ ......... +a"),ne N
(i) x" + a" = (x + a)fx"'—ax"? + ........... + a™!), nis an odd

natural number,

n n
. x"-a ;
Note : Lim =na™’!

X—a X—a
(b) Rationalization or double rationalization :
In this method we rationalise the factor containing the square

root and simplify.

(c) Limit when x - o
() Divide by greatest power of x in numerator and denominator.
(ii) Putx = 1/y and applyy - 0

(d) Squeeze play theorem (Sandwich theorem) :

If f(x)<g(x)<h(x); Vx & E’n:f(x)=£’=l;l_'+n;lh(}t) then

Limg(x) = ¢
X—»a
.‘.. Va ,".
‘..‘ y= x? ".r
s ',-"’
N s P |
.\.‘ s =X sm?
Moo | L)
VZER WA
. \Q
i *,
7 N,
i
;,.
i =—x" .'t
; =R

for example : Lim x? sin% =0, as illustrated by the graph given.
X—
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_: l'-:'_ REER INSTIT] E
6. LIMIT OF TRIGONOMETRIC FUNCTIONS :

i -1 P |
Lim ol 1=Lim e =Lim B X = Lim =0 [where
x—0 b x—0 X x—0 X x—0 X
x is measured in radians)
(a) ¥ Limf{x)=0, then Lim303X) 1,
X—ra n—)a X)

(b) Using substitution Lim f(x) = I;m';] fla-h)or %Jﬂrg fla+h) i.e.

by substitutingx bya-hora +h
7. LIMIT OF EXPONENTIAL FUNCTIONS :

e"~1_=1.
X

x —
(a) Lim2 L = fnafa > 0) In particular Lim
x—0 x—0
f(x} _
In general if Limf(x) =0 ,then le A fna,a>0
n(l + x)
(b) ];—pﬂ ®

=1

: 1/x . 1}
(c) &E{E (1+x) == L]]Tl (l‘f‘;]

X—pow

(Note : The base and exponent depends on the same variable.)

In general, if Limf(x) =0, then L;m(1+f(x))”">"—e

X—»a

@ I Lim f(x)=1 and Lim ¢(x)=

then Lim [f(x)] o) _ ok where k=l;Lﬁ: o (x) [f(x)-1]

X—a

(e) If Lun fix)=A>0 & le ¢(x) =B (a finite quantity),

then le[f{x)]‘“"’ eBNA _ AB

X—ra
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LIMIT USING SERIES EXPANSION :

Expansion of function like binomial expansion, exponential &
logarithmic expansion, expansion of sinx, cosx, tanx should be

remembered by heart which are given below :

xfna x%(n%a x3n°a
+ +

(a) a"=1+ T T a>0
(b) ex=1+%+§+§—j+ ..........

(0 fn(1+x)=x—§zi+x—;—%+ ....... for-1<x<1
(d) sinx:x—x??;+%s;—;—:+ ..........

(e) oosx=1~§+i—j—§+..........

4] tanx=x+§+21x—55+.......

(a) m”lx=x—§+§§—§+ .......

(h) sin"'x=x+ ;—Txa + 125')?2 x> + 12'?';'52 .
@ 0 advs Lams Sl - n& 0
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} CONTINUITY
 ———

1. CONTINUOUS FUNCTIONS :
A function f(x) is said to be continuous at x = a, if Limf(x)=1f(a).

Symbolically f is continuous at x = a if Iﬁma fa—h)= lﬁ"f& fla+h)=1(a).

2. CONTINUITY OF THE FUNCTION IN AN INTERVAL :
(a) A function is said to be continuous in (a,b) if f is continuous at
each & every point belonging to (a, b).
(b) A function is said to be continuous in a closed interval [a,b] if :

* {is continuous in the open interval (a,b)

* fis right continuous at ‘a’ i.e. Lim f(x)=f(a)= a finite
quantity
¢ fisleft continuousat'b’i.e. Lim f(x) = f(b) = a finite quantity

x—b”

Note :
(i) All Polynomials, Trigonometrical functions, exponential &

Logarithmic functions are continuous in their domains.

(i) If f & g are two functions that are continuous at x = c then the
function defined by : Fy(x)=1f(x)tg(x); F(x)=Kf(x), K any

s Beok (g English pih

real number Fs(x) = f(x).g(x) are also continuous at x = c. Further,

f(x)

if glc) is not zero, then Fy(x) =—— is also continuous at x = c.

g(x)

(iti) If f and g are continuous then fog and gof are also continuous.

(iv) If f and g are discontinuous at x = ¢, then f + g, f — g, f.g may

still be continuous.

m a6 201617\ Kom \WEELA Ganced) Leader\ M,
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3. REASONS OF DISCONTINUITY :

(a) Limit does not exist 1 H

i.e. Lim f(x)# Lim f(x

(b) f(x) is not defined at x = a /?\'_9
(© Limf(x)# @) _ N

S e (R R R

Geometrically, the graph of

v [Lm 0 =50

the function will exhibit a a 5 g
break at x = a, if the function Lim  f(x) does not ex

f(x) is not defined at x = 3
is discontinuous atx = a. The

graph as shown is discontinuous at x = 1 , 2 and 3.
TYPES OF DISCONTINUITIES :
Type-1 : (Removable type of discontinuities) : In case
Lim f(x) exists but is not equal to f(a) then the function is said to have a

X—a

removable discontinuity or discontinuity of the first kind. In this case we

can redefine the function such that Lim f(x) = f(a) & make it continuous
at x = a. Removable type of discontinuity can be further dlassified as:
(a) Missing point discontinuity :

Where Limf(x) exists finitely but f(a) is not defined.

X—a

(b} Isolated point discontinuity :
Where Limf(x) exists & f(a) also exists but; Lim f(x) = f(a).
X—a X—a

Type-2 : (Non-Removable type of discontinuities) :-
In case Lim f(x)does not exist then it is not possible to make the function
X—ra

continuous by redefining it. Such a discontinuity is known as

non-removable discontinuity or discontinuity of the 2nd kind. Non-

removable type of discontinuity can be further classified as :

(a) Finite type discontinuity : In such type of discontinuity left hand
limit and right hand limit at a point exists but are not equal.

{(b) Infinite type discontinuity : In such type of discontinuity atleast
one of the limit viz. LHL and RHL is tending to infinity.
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f(x) has non removable oscillatory type discontinuity at x =0
Note : In case of non-removable (finite type) discontinuity the
non-negative difference between the value of the RHL at x =a &
LHL at x = a is called THE JUMP OF DISCONTINUITY. A function
having a finite number of jumps in a given interval I is called a
PIECE WISE CONTINUOUS or SECTIONALLY CONTINUOUS
function in this interval.

THE INTERMEDIATE VALUE THEOREM :

Suppose f(x) is continuous on an interval | and a and b are any two
points of . Then if y, is a number between f(a) and f(b), their exists a
number ¢ between a and b such that f(c) = y,

i L fla) = +ve
o) Aol b, FO) > e
A1 E h L.
fla) (0.0_1 El ;
i)
0 a ¢ b "R )
The function f, being continuous on [a,b] S =0infa, b}

{akes on every value between fla) and f{b)
Note that a function f which is continuous in [a,b] possesses the following

properties :

(a) If f(a) & f(b) posses opposite signs, then there exists atleast one
solution of the equation f(x) = 0 in the open interval (a,b).

() If Kis any real number between f(a) & f(b), then there exists atleast
one solution of the equation f(x) = K in the open interval (a,b).
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DIFFERENTIABILITY I

INTRODUCTION :
The derivative of a function ‘f’ is function ; this function is denoted
by symbols such as

di(x)
dx
The derwatwe evaluated at a point a, can be written as :
f'(a), [df(x)] ,f'(x];ﬂ. etc.
dx L-a
RIGHT HAND & LEFT HAND DERIVATIVES :
(a) Right hand derivative :

The right hand derivative of f(x) at x=a denoted.by fa*) is
defined as :

aty 1 3 @+ h)—f(a)
BTG

f(x), 'g-j— -E'-f{ ) or ——

, provided the limit exists & is finite.

(b) Left hand derivative :
The left hand derivative of fix) at x = a denoted by f'(a")} is defined

Lim fla—h)—1fla)
h—0 -h

as:f'la”)= , provided the limit exists & is finite.

(c) Derivability of function at a point :
If f{a*) = f(a) = finite quantity, then f(x) is said to be derivable
or differentiable at x = a. In such case f{a*) = f(a”) = f'(a) & it
is called derivative or differential coefficient of f(x) at x = a.
Note :

(i) All polynomial, trigonometric, inverse trigonometric,
logarithmic and exponential function are continuous and

differentiable in their domains, except at end points.
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(ii) If f(x) & glx) are derivable at x = a then the functions
f(x) + glx), f(x) — a(x), f(x). g(x) will also be derivable at x =a
& if gla) # 0 then the function f(x)/g(x) will also be derivable
at x = a.

3. IMPORTANT NOTE:
(a) Let f{a*) = p & f(a’) = q where p & q are finite then :
() p=q=>fisderivable at x =a = fis continuous at x = a
(i) p=q = fis not derivable at x = a
It is very important to note that ‘f' may be still continuous at

X=a
In short, for a function ‘f' :
Differentiable = Continuous ;

Not Differentiable  =»> Not Continuous

But Not Continuous = Not Differentiable

Continuous = May or may not be Differentiable
(b) Geometrical interpretation of differentiability :

(i) 1f the function y = f(x) is differentiable at x = a, then a
unique tangent can be drawn to the curve y = f(x) at P(a,

f(a)) & f(a) represent the slope of the tangent at point P.

(ii) If LHD and RHD are finite but unequal then it geometrically

implies a sharp corner at x = a.
e.g. f(x) = x| is continuous but v

not differentiable at x = 0. flx)= I x|

A sharp corner is seen at x = 0 in P
the graph of f(x) = Ix|.
(iii) If a function has vertical tangent at x = a then also it is

nonderivable at x = a,
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(c) Vertical tangent :
If for y = f(x),
fla*) » « and f(a) - « or f(a*) » —w and f(@a) » -
then at x = a, y = f(x) has vertical tangent but f(x) is not
differentiable at x = a

DERIVABILITY OVER AN INTERVAL :

(a) f(x) is said to be derivable over an open interval (a, b) if it is

derivable at each & every point of the open interval (a, b).
(b) f(x) is said to be derivable over the closed interval [a, b] if :
(i) f(x)is derivable in (a, b) &
(ii) for the points a and b, f(a*) & f(b’) exist.
Note ;

(i) If f(x) is differentiable at x = a & g(x) is not differentiable at x
=a, then the product function F(x)=f(x).g(x) can still be
differentiable at x = a.

(i) If f(x) & g(x) both are not differentiable at x = a then the product
function; F(x)=f(x).a(x) can still be differentiable at x = a.

(iiid) If f{x) & g{x) both are non-derivable at x=a then the sum function
F(x)=f(x)+g{x) may be a differentiable function.

(iv) If f(x) is derivable at x = a = f(x) is continuous at x = a.
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: METHODS OF DIFFERENTIA‘HON |

DERIVATIVE OF f(x) FROM THE FIRST PRINCIPLE :

Obtaining the derivative using the definition

By o fx+8x)-f(x) _dy .
6T_xl_lb-rgJ . 5[).{15‘1%—5}( =f(x)= o called calculating

derivative using first principle or ab initio or delta method.

FUNDAMENTAL THEOREMS :

If f and g are derivable function of x, then,

d df  dg
—(f+g)=—+—=
(a) [ (f+g) e

()

df
(cf)= ¢ ot where ¢ is any constant

df

d
dx
d »
£ (fg) = f +g— known as “PRODUCT RULE”

(c)

g

i %m g[j’f‘]g:(:g).

where g # 0 known as “QUOTIENT RULE”

dy dy du

(e) Hy="fu)&u= gbﬁ)ﬂmdx o

known as “CHAIN RULE”

. dy
Note : In general if y = f(u), then B f'{u J dx
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3. DERIVATIVE OF STANDARD FUNCTIONS :

(xvi) | sec”

(xvi) | cosec™! x

(xviii)| cot™! x

f(x) f'(x)
(i) T xh nxn—l
(i) e* eX
(i) a a*fna,a>0
(iv) (nx 1/x
) log,x (1/x)log,e,a>0,a =1
(v) sinx cosx
(wii) cosx - sinx
(viii) | tanx sec?x
(ix) secx secx tanx
(x) cosecx — cosecx . cotx
(xi) cotx — cosec?x
(xii) constant 0
(xiii) | sinx N
Vv1-x?
-1 1 -1 <x <1
(xiv) | cos™" x 1o
(xv) tan~1 x - x €R
Tax®"

s
ledxz—l’

-1
— IxlI>1
| x V%% -1

——lxeR

14%%

differentiate.

4. LOGARITHMIC DIFFERENTIATION :
To find the derivative of :
(a) A function which is the product or quotient of a number of function or
(b) A function of the form [f(x)] 8% where f & g are both derivable,
it is convenient to take the logarithm of the function first & then
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5.

(@) Let function is ¢(x, y) = 0 then to find dy /dx, in the case of

implicit functions, we differentiate each term w.r.t. x regarding
y as a functions of x & then collect terms in dy / dx together on
one side to finally find dy / dx

dy _ -6/ dx 0 o - :
OR & /oy where % & Y are partial differential

coefficient of ¢(x, y) w.r.to x & y respectively.
(b) In answers of dy/dx in the case of implicit functions, both x & y
are present.
PARAMETRIC DIFFERENTIATION :

dy dy/db
fy=f = wh is eter, then —= .
y=1f(0) & x=g(0) where § isa parameter, then B x50

DERIVATIVE OF A FUNCTION W.R.T. ANOTHER FUNCTION :
dy dy/dx _f'(x)

"dz dz/dx g'(x)
DERIVATIVE OF AFUNCTION AND ITS INVERSE FUNCTION :
If inverse of y = f(x)

x = f(y) is denoted by x = gly) then g(f(x)) = x

gffx)=1

HIGHER ORDER DERIVATIVE :

Let a function y = {(x) be defined on an open interval (a, b). It's

Let y=1(x) ; z=g(x), then

derivative, if it exists on (a, b) is a certain function f'(x) [or (dy / dx)
or y'] & it is called the first derivative of y w. r. t. x. If it happens
that the first derivative has a derivative on (a , b) then this derivative
is called second derivative of y w.rt. x & is denoted by f"(x) or
(d%y /dx?) or y". Similarly, the 3™ order derivative of yw.rt x,ifit

y (d y\

exists, is defined by dx3 de J Itis alsodenoted by " (x) or

y" & so on,

CAREES Mathematics Handbook
DIFFEBENTIATION OF IMPLICIT FUNCTION :
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10. DIFFERENTIATION OF DETERMINANTS :

f(x) galx) hix)
If F(x) = | x) mi(x) n(x)|, wheref, g, h.l, m, n,u, v, ware
ulx) v(x) wix)
differentiable functions of x, then
0 g hi| [f0 g heo | ) o) hix)
Fo=|I0 mx) nbx)[+I) mix) ni [+ mbx) ol
ux) vl wix) Ju) vix) wix) | U VD wik)

11. L' HOPITAL'S RULE:
(a) Applicable while calculating limits of indeterminate forms of

the type % . % . If the function f(x) and g(x) are differentiable in

certain neighbourhood of the point a, except, may be, at the
point a itself, and g(x) # 0, and if

Li_rEi{x} = LITE g(x)=0 or limf(x)= Iirr: g(x) =

f(x) f {x}
li = lim
then X I'E g{x) x—=a g {x}

provided the limit Ilm% exists (L' Hopital's rule). The point

‘a’ may be either finite or improper + ® or —o,
(b) Indeterminate forms of the type 0. ® or « - » are reduced to

0
forms of the type %% by algebraic transformations.

(c) Indeterminate forms of the type 1%, ©? or 00 are reduced to

forms of the type 0. » by taking logarithms or by the
transformation [f(x)]#%) = g#¥).fnflx)
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MONOTONICITY |

MONOTONICITY AT APOINT :

(a) A function f(x) is called an increasing function at pointx = a, ifin a
sufficiently small neighbourhood of x = a ; fla~h) < ffa) < fla + h)

f(Ma +h)

|

a;h 2 a + h a
(b) A function f(x) is called a decreasing function at pointx = aifin a
sufficiently small neighbourhood of x=a ; fla—h) > f(a) > fla + h)

W-h)

fla)4

Nam)

a-h a a+h X=a

Note : If x = a is a boundary point then use the appropriate one
sides inequality to test Monotonicity of f(x).

- fla+h)
ﬂa] =/§?/
| |
X=a i
fla) > fla-h) X=a
increasing at x = a fla+h) > f(a)
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(c) Derivative test for increasing and decreasing functions
at a point :
(i Iff(@)> 0 then f(x) is increasing at x = a.
(ii) If f(a) < O then f(x) is decreasing at x = a.
(iii) If f'(a) = O then examine the sign of f(a*) and f'(a’).
(1) If fla*) > 0 and f(a’) > O then increasing
(2) If f(a*) < 0 and f(a) < 0 then decreasing
(3) Otherwise neither increasing nor decreasing.
Note : Above rule is applicable only for functions that are
differentiable at x = a.

MONOTONICITY OVER AN INTERVAL :

(@) A function f(x) is said to be monotonically increasing (MI) in (a, b)
if f(x) 2 0 where equality holds only for discrete values of x i.e.
f'(x) does not identically become zero for x € (a, b) or any sub
interval.

(b) f(x)is said to be monotonically decreasing (MD)in (a, b) if f(x) < 0
where equality holds only for discrete values of x i.e. f(x) does
not identically become zero for x < (a, b) or any sub interval.
¢ By discrete points, we mean that points where f(x) = 0

does not form an interval.

Note : A function is said to be monotonic if it's either increasing or

decreasing.

SPECIAL POINTS :

(a) Critical points : The points of domain for which f(x) is equal
to zero or doesn't exist are called critical points.

(b) Stationary points: The stationary points are the points of
domain where f'(x) = 0 .

Every stationary point is a critical point.

ROLLE'S THEOREM :

Let f be a function that satisfies the following three hypotheses :

(a) fis continuous in the closed interval [a, b].

(b) f is differentiable in the open interval (a, b)

(c) fla) = f(b)
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y y
e & St % O ¢ 5 %
(@) (b)

y y

o e b > I T
(c) (d)

Conclusion : If f is a differentiable function then between any two
consecutive roots of f(x) = 0, there is atleast one root of the equation
fix) =0
LAGRANGE'S MEAN VALUE THEOREM (LMVT) :

. T t llel to chord
Let f be a function that y4 s

satisfies the following

hypotheses:

i fa)
b-a

(i) f is continuous in a

closed interval [a, b]
(ii) fisdifferentiable in the {
open interval (a, b). 0 ;
Then there is a number ¢~ ¥y=fix)
ﬂb) f(a)
b-

a

Eah 4

e gl T

[ O

in (a, b) such that f'(c) =

(a) Geometrical Interpretation :

Geometrically, the Mean Value Theorem says that somewhere
between A and B the curve has at least one tangent parallel to
chord AB.
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(b) Physical Interpretations :
If we think of the number (f(b) - f(a))/(b — a) as the average
change in f over [a, b] and f(c) as an instantaneous change, then
the Mean Value Theorem says that at some interior point the
instantaneous change must equal the average change over the
entire interval.

6. SPECIAL NOTE:

Use of Monotonicity in identifying the number of roots of the equation

in a given interval. Suppose a and b are two real numbers such

that,

(a) f(x) & its first derivative f(x) are continuous fora < x <b.

(b) f(2) and f(b) have opposite signs.

(c) f(x) is different from zero for all values of x between a & b.
Then there is one & only ene root of the equation f{x) = 0 in (a, b).
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% MAXIMA-MINIMA |

INTRODUCTION :
(a) Maxima (Local maxima) :

absolute maximum
No greater value of 1. relative maximum

Also a relative maximum No greater value of f. relative maximum
A near by No greater value of [.
near by
y = f{x) 5

relative minimum
No smaller value of . absolute minimum

near by No smaller value of f‘l
Also a relative
minimum I
Xx=a x=b

A function f(x)is said to have a maximum at x = a if there
exist a neighbourhood (a - h, a + h) — (a} such that
fla)>flx}) ¥ xela-h,a+h)-{a}

(b) Minima (Local minima) :
A function f(x)is said to have a minimumat x =a if there
exist a neighbourhood (a - h, a + h) - {a} such that
fla)<flx) Vv xe(@a-h,a+h)-(al

(c) Absolute maximum (Global maximum) :
A function f has an absolute maximum (or global maximum) at
c if flc) = f(x) for all x in D, where D is the domain of f. The
number f(c) is called the maximum value of f on D.

{d) Absolute minimum (Global minimum) :
A function f has an absolute minimum at c if f(c) < f(x) for all x in
D and the number f(c} is called the minimum value of f on D.
The maximum and minimum values of f are called the extreme
values of {.
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Note that :

(i) the maximum & minimum values of a function are also known
as local/relative maxima or local/relative minima as
these are the greatest & least values of the function relative
to some neighbourhood of the point in question.

(i) the term ‘extremum’ or ‘turning value'is used both for maximum
or a minimum value.

(iii)a maximum (minimum) value of a function may not be the
greatest (least) value in a finite interval.

(iv) a function can have several maximum & minimum values &
a minimum value may be greater than a maximum value.

(v) local maximum & local minimum values of a continuous function
occur alternately & between two consecutive local maximum
values there is a local minimum value & vice versa.

(vi) Monotonic function do not have extreme points.

2. DERIVATIVE TEST FOR ASCERTAINING MAXIMA/
MINIMA :
(a) First derivative test :
Find the point (say x = a) where f(x) = 0 and
(i) If f(x) changes sign from positive to negative while graph of
the function passes through x = a then x = a is said to be a
point of local maxima.
(i) If f(x) changes sign from negative to positive while graph of
the function passes through x = a then x = a is said to be a

point of local minima.
1{ Y
-}:(V-N\%co '
M
ey O
dx < E l:h& >0
0 X=a »X ol x=2a >X

Note : If f'(x) does not change sign i.e. has the same sign in a certain
complete neighbourhood of a, then f(x) is either strictly increasing
or decreasing throughout this neighbourhood implying that f(a) is
not an extreme value of f.
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(b) Second derivative test :

If f(x) is continuous and differentiable at x = a where f{a) = 0
and f"(a) also exists then for ascertaining maxima/minima at
x = a, 2™ derivative test can be used -

(i) Iff@)>0 =x=a isa point of local minima

(ii) If f'@Q) <0 =x=a isa point of local maxima

(i) If fla) =0 = second derivative test fails. To identify
maxima/minima at this point either first
derivative test or higher derivative test can
be used.

(c) n™ derivative test :

Let f(x) be a function such that f{a) = f'(a) = f'@) = ...... =frl(a)=0

& fr(a) # 0, then

(i} Ifniseven & f(a)> 0= Minima, f"(a) < 0 = Maxima

(i) If n is odd, then neither maxima nor minima at x = a

USEFUL FORMULAE OF MENSURATION TO REMEMBER:

(@) Volume of a cuboid = fbh.

(b) Surface area of a cuboid = 2 (fb +bh + ho).

() Volume of a prism = area of the base x height.

(d) Lateral surface area of prism = perimeter of the base x height.

(e) Total surface area of a prism = lateral surface area + 2 area of
the base (Note that lateral surfaces of a prism are all rectangles).

() Volume of a pyramid -% area of the base x height.

(@ Curved surface area of a pyramid w% (perimeter of the base) x
slant height.
(Note that slant surfaces of a pyramid are triangles).
1
(h) Volume of a cone = 3™ r*h.

() Curved surface area of a cylinder = 2 nrh.
() Total surface area of a cylinder = 2 nth + 2 nr?,
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(k) Volume of a sphere = % nre,

() Surface area of a sphere = 4 nr?,

(m) Area of a circular sector = %rﬂ 8, when 6 is in radians.

{n) Perimeter of circular sector = 2r + r.

SIGNIFICANCE OF THE SIGN OF ZND ORDER DERIVATIVE
AND POINT OF INFLECTION :

The sign of the 2™ order derivative determines the concavity of
the curve.

If f'(x) > 0 ¥ x € (a, b) then graph of f(x) is concave upward in (a, b).

Similarly if f'x) < 0 ¥ x € (a, b) then graph of f(x) is concave
downward in (a, b).

: xm I Edmwardsi
s | I a Er
Point of inflection : Y

A point where the graph of a function
has a tangent line and where the concavity

changes is called a point of inflection.
For finding point of inflection of any function,

Point of
inflection
2 >X

d
compute the solutions of K’: =0

dy

de

changes about this point then it is called point of inflection.
2 2

d d
Note : If at any point ag does not exist but sign of ﬁ changes

or does not exist. Let the solution is x = a, if sign of

about this point then it is also called point of inflection.
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SOME STANDARD RESULTS :

(a) Rectangle of largest area inscribed in a circle is a square.
4 /m
(b) The function y = sin™x cos"x attains the max value at x = tan™ J——
n

(c) If 0 <a <bthen |x—a|+|x —b|>b-aand equality hold when
x € [a, bl.
f0<a<b<cthen [x—a|+[x-b|+|x—c|>c~a and equality
hold whenx =b
If0 <a<b<cthen [x-a|+[x—b|+|x—c|+[x—d|>d-aand
equality hold when x € (b,c).
SHORTEST DISTANCE BETWEEN TWO CURVES :
Shortest distance between two
nen-intersecting curves

always along the common
normal. (Wherever defined)

153



1.

Mathematics Handbook -E
=

{_ TANGENT & NORMAL !
T ——— '

TANGENT TO THE CURVE AT A POINT :

The tangent to the curve at 'P' is the line through P whose slope
is limit of the secant’s slope as Q — P from either side.

NORMAL TO THE CURVE AT A POINT :
A line which is perpendicular to the tangent at the point of contact
is called normal to the curve at that point.

THINGS TO REMEMBER :

(a) The value of the derivative at P (x,,y,) gives the slope of the
tangent to the curve at P. Symbolically

f'(x,) = g—il := Slope of tangent at Plx,, y,) = m(say).
oW

(b) Equation of tangent at (x,, y,) is ;

d
Y=t =—y] (x=%)
%y 90

() Equation of normal at X, v)is;y-y, = _dyi} (x ~x;),
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Note :

( The point P (x,, y,) will satisfy the equation of the curve & the
equation of tangent & normal line.

(ii) If the tangent at any point P on the curve is parallel to the
axis of x then dy/dx = O at the point P.

(iii) If the tangent at any point on the curve is parallel to the axis
of v, then dy/dx is not defined or dx/dy = 0 at that point.

(iv) If the tangent at any point on the curve is equally inclined to
both the axes then dy/dx = 1.

(v) If a curve passing through the origin be given by a rational integral
algebraic equation, then the equation of the tangent (or tangents)
at the origin is obtained by equating to zero the terms of the lowest
degree in the equation. e.g. If the equation of a curve be
x? = y* + x* + 3x%y —*=0, the tangents at the origin are given
by x*-y*=0ie.x+y=0andx-y=0

ANGLE OF INTERSECTION BETWEEN TWO CURVES :

Angle of intersection between two curves is defined as the angle
between the two tangents drawn to the two curves at their point
of intersection. If the angle between two curves is 90° then they
are called ORTHOGONAL curves.

LENGTH OF TANGENT, SUBTANGENT, NORMAL &
SUBNORMAL :

y = fix)
X
¥ O m,;\gﬁ“

oo
)
2
XPix,, v, '?:3\9‘3
1 1 U,Dv"

f
|
|
|
}

~T O ji ,
Length
l~— Length of subtangent eng?

[¢)
subnormal
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vy 1 +1f(x, )P
fi(x,)
Y1

f'(x,)

(c) Length of Normal (PN) = wiy1+[ '(x1) ]°

(d) Length of Subnormal (MN) = y, fi(x,)

(a) Length of the tangent (PT) =

(b) Length of Subtangent (MT) =

DIFFERENTIALS :

The differential of a function is equal to its derivative multiplied
by the differential of the independent variable. Thus if, y = tanx
then dy = sec’x dx. In general dy = f'(x)dx or df(x) = f(x)dx
Note :

(i) d(c) = 0 where ‘c’ is a constant

(i) du+v)=du+dv (i) d(uv) = udv + vdu
' ot~k
(W) dlu-v) = du - dv ) d(%) ——

(vi) For the independent variable ‘x’, increment A x and differential
dx are equal but this is not the case with the dependent variable
v i.e. Ay # dy.
.. Approximate value of y when increment Ax is given to independent

d
variable x in y = f{x) is y + Ay=f(x+&x)=ﬂx)+§x_\x

(vii) The relation dy = f(x) dx can be written as % =f'(x); thus

the quotient of the differentials of 'y’ and ‘x’ is equal to the
derivative of 'y’ w.r.t. ‘x’.
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| INDEFINITE INTEGRATION |

-

If f & F are function of x such that F' (x) = f(x) then the function Fis
called a PRIMITIVE OR ANTIDERIVATIVE OR INTEGRAL of

f(x) w.r.t. x and is written symbolically as

If(x)clx =F(x)+c o di[F(x}Jrc} = f(x), where c is called the
X
constant of integration.

STANDARD RESULTS :

ngg o XD
® _[(ax+b) dx = P +c;n#-1
. dx 1
(ii) Jax+b=;fn|ax+b[+c

(iii) Ie“*hdx = le‘“’”b +c
a
PR L

p (na

(a>0)+c

v) Isin(ax +b)dx = - %cos{ax +b)+c
()  [coslax+ bldx = ésin{ax +b)+c
(vii) j'tan(ax +b)dx = —31; {nsec(ax +b) +c
(viii) Icot(ax +b)dx = if nsin{ax +b) +c¢
(ix) I sec’(ax + b)dx = %tan(ax +b)+c

) .[cosecz(ax +b)dx = —%cot[ax +b)+c

(xi) _[cosec (ax + b).cot{ax + b)dx = —%cosec (ax +b)+c
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(di)  [sec(ax + bl tanfax + bdx = T.seclax +b)+c
a
(i) jsecxdxz fn|secx + tanx|+c

OR [secxdx=¢ntan %% i

(xiv) Icosecxdx = £nfcosecx —cotx|+ ¢

OR J'cosec xdx = fn tan%l +cOR —Cn{cosecx+cotx)-|;c

(xv) I\,%-=sin“§—+c

i) [, z=Jtn e

(xvii) Ix ):jx_aE :%SEC_]E--PC

(mu)_[ x:ljaz =€n[x+\fm-] +c

(xix) .[ ngxa =f“[x+ "‘2“32]+c :
I P e P
e

Godil) [Va? - x2dx = m+-§2ism“ rc

2

a
dxz +a2 +%fn(x+¢x2 +a2)+c
2 "
\sz il —a?fn(x+dx2 .—a2]+c

eax
———Eé-(a sinbx —bcosbx) +c

(ouiii) [x® +adx =

(xxiv) j x% —a’dx =

N D¢ N|®

¥ sinbxdx =
[m) J'B SN ox a2+

ax
(poxvi) jea" .cosbxdx = a:+ = (acosbx +bsinbx) + ¢
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(a) Substitution or change of independent variable :

Integral =" [f(x)dx is changed to [f(@(t) (t) dt, by a suitable
substitution x = ¢ () provided the later integral is easier to integrate.
Some standard substitution :

. Fix)
(0 [[f] Foddx  OR [z dx pute) = t& proceed.

dx dx \/27
: , |[Vax“ +bx+c  dx
@ JaJ\tz +bx+c IJax2+bx+c I
Express ax? + bx + ¢ in the form of perfect square & then
apply the standard results.
PX+q PX+q
dx, dx
(3) ax2+bx+c IJa_x2+bx+c -

Express px + q = A (differential coefficient of denominator ) + B.
@  [e*lf(x)+f(x)dx = e* f(x) +c
)  [lfx)+xf(x)ldx = xf(x) +<

(6) J' neN, take x" common & put 1 + x™ = t.
x(x" +1)
@ ILMneN,takex"oommon&pml+x'“=t“
xz(x“+]) n
(8) I;‘xl—-, take x" common and put 1 + x™ = t.
X" (1+x")7"
dx dx
©) ja+bsin"’x OB Ia+bcoszx_
dx
OR J-.asir'lz)':+l:vsin:w.clr)s:-:-i-n':a':(:vszant

Multiply N* & D bysec?x & puttanx =t.
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Qo) [

Convert sines & cosines into their respective tangents

a+bsnx a+bcosx a+bsinx +ccosx

of half the angles, put tan —;—=t

acosx+b.sin_x+cdx
p.cosX +q.sinx+r

ay |

Express Numerator (N) = £D") + m 4 (D" + n & proceed.

1
02 [ R [,

where K is any constant,

1 1
DivideNr&Drbyxz,thenputx—; =t OB x+ — =t

respectively & proceed

[ dx

dx
a3 ‘[{ax+b)Jpx+q . J(axz+bx+t:)\fpx+q'put Prget

dx 1

14 ,put ax +b = —;

&N J‘{a:rc+lzo)\f;:m2+qx+r t
dx

» put
(ax? + bx +cpx? +gx +1 t

as) | E_T:dxon Jx-a)(B-x) ; putx=c cos” + P sin

M:-fgdeR I\((x—a)(x—ﬂ) ; putx = asec? g — [3131129

dx
Im;pm x-—a=t2 or x - B =t
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()

(16) To integrate _[sin‘" xcos" x dx.

(i) If mis odd positive integer put cos x = t.

(ii) If n is odd positive integer put sin x = t

(iii) If m + n is negative even integer then put tan x = t.
(iv) If m and n both even positive integer then use

. 2. l-cos2x , 1+4cos2x
sin x=T,cos x=—2~—

d
(b) Integration by part : ju.u dx = UJv dx - f[a-zjv dx] dx

where u & v are differentiable functions.
Note : While using integration by parts, choose u & v such that

(i) _[vdx & (i) I[j—:j\’ dx]dx is simple to integrate.

This is generally obtained, by keeping the order of u & v as per
the order of the letters in ILATE, where; I-Inverse function,
L-Logarithmic function, A-Algebraic function, T-Trigonometric
function & E-Exponential function.

Partial fraction : Rational function is defined as the ratio of

P(x
two polynomials in the form ﬁ where P(x) and Q(x) are

polynomials in x and Q(x) # 0. If the degree of P{x) is less than
the degree of Q{x), then the rational function is called proper,
otherwise, it is called improper. The improper rational function
can be reduced to the proper rational functions by long division

] L T
process. Thus, if 5 is improper, then Qx) ~ b + Qx)’

P, (x)
where T(x) is a polynomial in x and ﬁ is proper rational

function. It is always possible to write the integrand as a sum of
simpler rational functions by a method called partial fraction
decomposition. After this, the integration can be carried out
easily using the already known methods.
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S. No. Form of the Form of the
rational function partial fraction
pxZ+qr+r A B C
1. + +
(x—a)(x=b)x-c) Xx-a  x-b  x-c
px? +qQx+r A B C
2. (x—a)? (x—-b) x-a T (x-af * x-b
pxZ+gx+r A Bx+C
3. (x—a)(x% +bx +c) x-a T x2+bx+c
where xZ +bx + ¢ cannot be factorised further
Note :

In competitive exams, partial fraction are generally found by inspection
by noting following fact :
1 . bl leel ]
(x—a)(x-B)ﬂ(a-B)Lx-u x-B)
It can be applied to the case when xZ or any other function is there in
place of x.

Example :

=l( 1 _1 J 2
M i aZ+3) 2\t+1 t+3 ttake x* = t}

e R O R G

[i_ 1 J 1 1
x* x*+1)7 8 X +1)

1
@ X2+l x o 5
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| DEFINITE INTEGRATION i

(a) The Fundamental Theorem of Calculus, Part 1 :
If f is continuous on [a, b], then the function g defined by

g(x) = j‘f(t)dt a<x<b

is continuous on [a, b and differentiable on (a, b}, and g'(x) = f(x).
(b) The Fundamental Theorem of Calculus, Part 2 :

b
If f is continuous on [a, b}, then jf(x)dx = F(b) - F(a) where F is
any antiderivative of f, that is, a function such that F '= f.

b
Note : If jf(X)dx =0= then the equation f(x) = 0 has atleast one

root lying in (a,b) provided f is a continuous function in (a,b).

b
A definite integral is denoted by [f(x)dx which represent the area
bounded by the curve y = f(x), the ordinates x = a, x = b and the

2n
X-axis. ex. ISin xdx =0

PROPERTfES OF DEFINITE INTEGRAL :
b b b

(a) If(x)dx = jf(t) d = _[f(x)dxdoes not depend upon x. It is
a a 0
a numerical quantity.

b a
®) j f(x)dx = — j f(x)dx
a b

b c b
(c) If(x]dx = _[I(x}dx +_[f(x)dx , where ¢ may lie inside or outside
a a c

the interval [a, b]. This property to be used when f is piecewise
continuous in (a, b).
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0 ;if f(x) is an odd function

@ _~[ fxydx =6[ Rpelyiny 4 Z]f(x)dx :if f(x) is an even function
2 '

b b a a
(e) _[f(x)dx = _[f(a +b-x)dx, Inparticular jf(x)dx = Jf{a —x)dx
a a O

2[fx)dx i i f(2a-x)=f
® jf{x)dx_ Jf(x)dx+ I“za Dk j' (x)dx (22 -x) = f(x)

0 ; if f(2a-x)=-f(x)

nT T

@ ]’ f(x)dx =n jf(x)dx . (n e 1) ; where ‘T’ is the period of the
0 0
function i.e, f(T + x) = f(x)

T+x
Note that : J' {(t)dt will be independent of x and equal to jf{t)dt

b+nT
® | fxidx = jf{x)dx where f(x) is periodic with period T &n € L

a+nT
@ [ f(x)dx = (n—m)[f(xkx, (n,m e Dif fx)is periodic with period ‘.
ma 0

WALLI'S FORMULA :

x/2 n/2
. n _ 2 _(n=1)n-3)....(1or2)
Jsm = Jcos - D

n/2 if niseven

where K =
1 if n is odd

x/2
b) I sin” x.cos™ xdx
0

_[ln-1}n-3)n-5)...1 or 2J[(m-1)}m-3)....1 or 2]
(m+n)m+n-2)m+n-4)...10r 2
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Where K = % if both m and n are even (m, n e N)

1 otherwise

DERIVATIVE OF ANTIDERIVATIVE FUNCTION (Newton-
Leibnitz Formula) :
If h(x) & g(x) are differentiable functions of x then,

d hix)
B Iftt}dl-ﬂh{xnh(x) flg(x)l.g'(x)
gtx)

DEFINITE INTEGRAL AS LIMIT OF A SUM :

b  —
J’f(x;dx = Limhlf(a) + f(a + h) + f(a + 2h) +..... + f(a +n »1h)]

n-1 -1
hLith f(a+ rh) = jf(xldx where b-a = nh

n-1
[fa=0 &b=1then, LimhY f(rh) = _[f(x)dx where nh = 1

n-—»x = 0

OR an( sz[ ] jf(x}dx.

n—sw

ESTIMATION OF DEFINITE INTEGRAL :
(a) If f(x) is continuous in [a, b] and it’s range in this interval is [m,

b
M], then m(b - a) < j f(x)dx < M(b - a)

b b
(b) If fix) < ¢ (x) fora <x < bthen jf(x)dx < j¢[x)dx

(©)

b
j‘f{x)dx

b
< | fx) jdx -
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b
() 1120 on the interval [a,b), then [f(x)dx > 0.

(e) f(x) and g(x) are two continuous function on [a, b] then

b b
Jftx)glx)dx < \/hjfztx)dx [g*(adx

8. SOME STANDARD RESULTS :
n/2 "

r/2
(a) f Iogsinxdx=—§l()92 = _[Ic':gcosxdx
0 0

®) }ledx: b;a

a,bel

@ Bl
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| DIFFERETIAL EQUATION |

DIFFERENTIAL EQUATION :

An equation that involves independent and dependent variables and
the derivatives of the dependent variables is called a DIFFERENTIAL
EQUATION.

SOLUTION (PRIMITIVE) OF DIFFERENTIAL EQUATION :

Finding the unknown function which satisfies given differential
equation is called SOLVING OR INTEGRATING the differential
equation. The solution of the differential equation is also called its
PRIMITIVE, because the differential equation can be regarded as a
relation derived from it.

ORDER OF DIFFERENTIAL EQUATION :

The order of a differential equation is the order of the highest
differential coefficient occurring in it.

DEGREE OF DIFFERENTIAL EQUATION :

The degree of a differential equation which can be written as a
polynomial in the derivatives is the degree of the derivative of the
highest order occurring in it, after it has been expressed in a form
free from radicals & fractions so far as derivatives are concerned,
thus the differential equation :

f(x, y}{ﬂ}pw(x,v)[m}i .......... = 0 is of order

dx™ o™
m & degree p.

Note that in the differential equation e¥" —xy" + y = 0 order is three
but degree doesn't exist.
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FORMATION OF A DIFFERENTIAL EQUATION :

If an equation in independent and dependent variables having some
arbitrary constant is given, then a differential equation is obtained
as follows :
(a) Differentiate the given equation w.r.t the independent variable
(say x) as many times as the number of arbitrary constants in it.
(b) Eliminate the arbitrary constants.
The eliminant is the required differential equation.
Note : A differential equation represents a family of curves all
satisfying some common properties. This can be considered
as the geometrical interpretation of the differential equation.

GENERAL AND PARTICULAR SOLUTIONS :

The solution of a differential equation which contains a number of
independent arbitrary constants equal to the order of the differential
equation is called the GENERAL SOLUTION (OR COMPLETE
INTEGRAL OR COMPLETE PRIMITIVE). A solution obtainable from
the general solution by giving particular values to the constants is
called a PARTICULAR SOLUTION.

ELEMENTARY TYPES OF FIRST ORDER & FIRST DEGREE
DIFFERENTIAL EQUATIONS :

(a) Variables separable :
TYPE-1 : If the differential equation can be expressed as ;
f(x)dx +a(y)dy = O then this is said to be variable — separable type.
A general solution of this s given by [f(x)dx +[g(y)dy = c ;
where c is the arbitrary constant. Consider the example (dy/dx)

=e¥y + xlev:

TYPE-2 : Sometimes transformation to the polar co-ordinates
facilitates separation of variables. In this connection it is
convenient to remember the following differentials. If x = r cos
0, y=rsin 0 then,
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(i) xdx + ydy = rdr

(ii) dx? + dy? = dr? + r’d0*

(iii) xdy — ydx = r? db

Ifx =rsecB &y =rtan 8 then

xdx—ydy =rdrand x dy -y dx = r? sec 6 d6.

TYPE-3: j—y=f(ax+b9+c). b0
X

To solve this, substitute t = ax + by + c. Then the equation
reduces to separable type in the variable t and x which can be
solved.

2 d
Consider the example (x+)° Eij— =a

(b) Homogeneous equations :

dy _ f(xy)

A differential tion of the form where f(x,
ifferential equa o ¢( ) (x, v)

& ¢ (x , y) are homogeneous functions of x & y and of the same
degree, is called HOMOGENEQUS. This equation may also be

d
reduced to the form i = 9[ ] & is solved by putting v = vx

ula Bocd (Engl\ English, piS

so that the dependent variable y is changed to another variable
v, where v is some unknown function, the differential equation
is transformed to an equation with variables separable. Consider

et Hordoook,_|

the example jx—y + _9_(%{_9_] =0

X

o) Lisacer s Magfs\ 5

(c) Equations reducible to the homogeneous form :

dy - ax+by+e a,  a,

" e : —_
dx a,x+by+c,’ where a,b, — a,b, # 0, i.e. b, " b,

then the substitutionx =u+h, y=v+k

IT] resetsiinis inveont &
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transform this 2quation to @ homogeneous type in the new

variables u and v where h and k are arbitrary constants to be

chosen so as to make the given equation homogeneous.

() Hab,~a,b =0, then a substitution u = a,x+b,y transforms
the differential equation to an equation with variables

separable.
(i) If b,+a, = 0, then a simple cross multiplication and

substituting d(xy) for xdy + ydx & integrating term by term
yields the result easily.

dy x-2y+5 dy _2x+3y-1
Consider the examples (g, = 2x+y-1"dx 4x+6y-5

dy _ 2x-y+1
dx 6x-5y+4

(iii) In an equation of the form : yi{xy)dx + xg{xy)dy = O the
variables can be separated by the substitution xy = v.

8. LINEAR DIFFERENTIAL EQUATIONS :

A differential equation is said to be linear if the dependent variable
& its differential coefficients occur in the first degree only and are
not multiplied together.

The nth order linear differential equation is of the form ;

n n-1

a, (x) jxg +a, (x) :x"}: + vt (%)

y = ¢ (x), where a, (x), a, (x) .... a_(x) are called the coefficients of
the differential equation.

(a) Linear differential equations of first order :
The most general form of a linear differential equations of first

order is gxg +Py =Q, where P & Q are functions of x.

To solve such an equation multiply both sides by eI P* . Then

the sclution of this equation will be yef ¥ IQeI P + ¢
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(b) Equations reducible to linear form : '

The equation % +Py =Q.y" where P& Q are function, of x,

is reducible to the linear form by dividing it by y» & then
substituting y™!=Z. Consider the example (x*y?+xy)dx=dy.

The equation :x—9 +Py = Qi called BERNOULI'S EQUATION.

TRAJECTORIES :
A curve which cuts every member of a given family of curves
according to a given law is called a Trajectory of the given family.

Orthogonal trajectories :

A curve making at each of its points a right angle with the curve of
the family passing through that point is called an orthogonal trajectory
of that family.

We set up the differential equation of the given family of curves.
Let it be of the form F{x, y, y) =0

The differential equation of the orthogonal trajectories is of the form

-1
F(X, ,—l] ="0
¥ v

The general integral of this equation ¢,(x, y, C) = 0 gives the family
of orthogonal trajectories.

Note:
Following exact differential$ must be remembered :
dv—
M xdy+ydx = dixy) W 22 q(Y)
ydx —xdy . [x
(i) " R d[;} (iv) my:y—w = d(énxy)

v) dx+d9=d(fn(x+y}) (vi) M:d[m?—)

X+y Xy
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4 X +y
) 9ix+:dy afan :] m"i’;jf"_d{enm}
o o 2] g o) e
(xiif) dL—y}_M
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¥ ——...,
| AREA UNDER THE CURVE |
EW— "
1. The area bounded by the curve

y = f(x), the x-axis and the ordinates

x = a & x = bis given by,

b b
A = [fix)dx = [ydx.

a

2. If the area is below the x-axis then A is negative. The convention is

b
to consider the magnitude only i.e. A = _fy dx | in this case.
3.  The area bounded by the curve v 1
x = f(y), y-axis & abscissa y = c, y=d
y = d is given by, dV]
d d y=¢
Area = dey = If{y]':’iy 5 >y
4. Area between the curvesy = f(x) &  ya
y = glx) between the ordinates x = a
i y=fix)
& x = b is given by, et
b b
A= f(x)dx - |g(x s
!(M Jgf}dx ¥ S T ——

b
Jlf(x) - glidx

5.  Average value of a function y = f(x) w.r.t. x over an interval a <x <

o 1 5
b is defined as : y(av) = i !f(x}dx .
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CURVE TRACING :

The following outline procedure is to be applied in Sketching the
graph of a function y = f(x) which in turn will be extremely useful to
quickly and correctly evaluate the area under the curves.

(a) Symmetry : The symmetry of the curve is judged as follows :

@@ If all the powers of y in the equation are even then the
curve is symmetrical about the axis of x.

(ii) If all the powers of x ar even, the curve is symmetrical
about the axis of y.

(i) If powers of x & y both are even, the curve is symmetrical
about the axis of x as well as y.

(iv) If the equation of the curve remains unchanged on
interchanging x and y, then the curve is symmetrical about
y=Xx.

(v) If on interchanging the signs of x & vy both the equation of
the curve is unaltered then there is symmetry in opposite
quadrants,

(b) Find dy/dx & equate it to zero to find the points on the curve
where you have horizontal tangents.

(c) Find the points where the curve crosses the x-axis & also the
y-axis.

(d) Examine if possible the intervals when f(x) is increasing or
decreasing. Examine what happens to 'y’ when x — @ or - @

USEFUL RESULTS :

(a) Whole area of the ellipse, x*/a? + y*/b? = 1 is nab.

(b) Area enclosed between the parabolas y* = 4 ax & x? = 4 by is
16ab/3.

(c) Area included between the parabola y? = 4 ax & the line

v = mx is 8a?/3m?,
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i VECTORS l
Physical quantities are broadly divided in two categories viz (a) Vector

Quantities & (b) Scalar quantities.
(a) Vector quantities :

Any quantity, such as velocity, momentum, or force, that has
both magnitude and direction and for which vector addition is
defined and meaningful; is treated as vector quantities.

(b) Scalar quantities :
A guantity, such as mass, length, time, density or energy, that
has size or magnitude but does not involve the concept of
direction is called scalar quantity.

REPRESENTATION :

Vectors are represented by directed straight line

segment

W)

magnitude of @ = [él = length PQ

direction of @ =P to Q.

ADDITION OF VECTORS :

(a) It is possible to develop an Algebra of Vectors which proves
useful in the study of Geometry, Mechanics and other branches
of Applied Mathematics.

@ Iftwovectors 3 & b are

represented by OA & OB,
then their sum a+b is a

vector represented by dC

, where OC is the diagonal
of the parallelogram OACB.

(i) 3+b=b+a (commutative)

(iii) (@ +b)+ =3+ (b+¢) (associativity)
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1,

(b)

(a)

()

{d)

(e)

Multiplication of vector by scalars :

(i) m(@)=(a)m=ma (i) m(na) = n(ma) = (mn)a

(iif) (m +n)a = ma+na (iv) m(@+b) = ma + mb
ZERO VECTOR OR NULL VECTOR :
A vector of zero magnitude i.e, which has the same initial &

terminal point is called a ZERO VECTOR . It is denoted by O .
UNIT VECTOR :

£ vector of unit magnitude in direction of a vector a is called

unlt vector alons & and isdenoted by & symbolically 3 :id_l
a

2y COLLINEAR VECTORS

Two vectors are said to be collinear if their supports are parallel
disregards to their direction. Collinear vectors are also called
Parallel vectors. If they have the same direction they are named

as like vectors otherwise unlike vectors.

Sumbolically two non zero vectors a & b are collinear if and
only if, 5 = Kb, where K eR

COPLANAR VECTCRS

A given number of vectors are called coplanar if their supports
are all parallel to the same plane.

Note that “TWO VECTORS ARE ALWAYS COPLANAR ",
EQUALITY CF TWO VECTORS :

Two vectors are said to be equal if they have

(i) the same length,

{ii) the same or parallel supports and

{iii) the same sense.

rinl B Eoay ity

it bk il \ B ' i
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(f) Free vectors : If a vector can be translated anywhere in space
without changing its magnitude & direction, then such a vector
is called free vector. In other words, the initial point of free
vector can be taken anywhere in space keeping its magnitude

& direction same.

{g@) Localized vectors : For a vector of given magnitude and
direction, if its initial point is fixed in space. then such a vector
is called localised vector. Unless & until stated, veclors are
ireated as free veclors.

POSITION VECTOR :

| et O be a {ixed ongin, then the position

veclor of a point P is the vector OGP . 1f

o U are position vectors ol 1wo

4 T "
< i v, e
il Avar G D, e

AR =bB-a=pve! B-puvof A

SECTION FORMULA

& b a e the position vectors of “wvo poi-is A & Bihen the pa
b

R Ly LS o Aisrddans AN 'y % P b - o Ty,
Ol ¢ [OITH WL divides AB in the rafic m:n s given o

VECTOR EQUATION OF A LINE :
Paremetric vector equation of a line pascing through two peint Ala
& Bl isgiven by, r=a+tlb a) wheretisa parameter. If the

e pess through the poin: Ale & is pavalie' to the vector b ther
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TEST OF COLLINEARITY OF THREE POINTS :
(a) Three points A, B, C with positionvectors 3, b, € respectively
are collinear, if & only if there exist scalars x, v, z not all zero

simultaneously such that ; xa + yb+2¢ = 0, wherex +y +z=0
(b) Three points A, B, C are collinear, if any two vectors
AB, BC, CA are parallel.

SCALAR PRODUCT OF TWO VECTORS (DOT PRODUCT):

(@ a.b=lallblcosd (0<B<m)),Hisangle between & & b.
Note that if @ is acute then 4.b >0 & if @ is obtuse then
a.b<0

(b) 3.3 =1aP=3% a.b=b.a (commutative) 3.(b+c)=3a.b+4a.¢
(distributive)

() 3b=0calb; @b=0)

(e) Projectionof @ on b =—.

G'l\r

Projection of 3 on b

Note:

() The vector component of a along b i.e.

' A= {-ab—-]b and perpendicular

>
a, b

to bie 4, =5-[%2E}B (@=3a, +a,)
() The angle ¢ between a & b is given by

cos¢ =

ab
|"ub1°s¢5“
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() If a=ai+aj+azk & b=bi+byj+bsk then

a.b=a;b, +a,b, +a3b,

lal = VJa,” +a,” +ag IB‘ = yb,” +b," +b;’
(iv) - 13l 1bl<a.b<lal Ibl
(V) Anyvector a can be written as, 3 = (3.1)i +(8.9)j + (3.k)k

(vi) A vector in the direction of the bisector of the angle between

b
;+ —— ., Hence bisector of the
lal 1ol

angle between the two vectors & &b is A(3+b) , where

the two vectors a & b is

A € R’ . Bisector of the exterior angle between 3 & b is
AMa-b), & eR

(vii) 1azbP=1aFf +IbF +24.b

(viil) [3+b+CP=1aP +1bP +IEP +2(3 b+b.¢ +¢.3)

VECTOR PRODUCT OF TWO VECTORS (CROSS
PRODUCT) :

(@ If & & b are two vectors &
0 is the angle between them,

then dxb=Idl IblsinbA ,

where N is the unit vector

perpendicular to both a &

b such that 3, b & 7 forms
a right handed screw system .
(b) Lagranges Identity : For any two vectors a & b ;

@xB1 = o ~(@.6 =

ol ol

o o

oD
(ot BT
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(c) Formulation of vector product in terms of scalar product : The

vector product a x bis the vector ¢ , such that
0 |c= Ja26? — (a.b)? (i) ¢.a=0; ¢.b=0 and
(iti) 3, b . ¢ form a right handed system

(d) axb=0a & b are parallel (collinear) (@ # 0, b # 0)
i.e. @ = Kb , where K is a scalar
() 3 x b#b x a (not commutative)

(i) (mad)x b = ax(mb) = m(a@ x b) where m is a scalar.

(i) ax(b+c)=(axb)=(axe)  (distributive)

j
ixj=k jxk=1 kxi=]
(€ If d=ai+a,j+ask & b=b,i + b,j +bsk then

- - -

i j Kk
axb=la, a, a,
by b, Dby

() Geometrically 13 x bl = area of 28
the parallelogram whose two adjacent :‘_
a

sides are representedby a3 & b.
(@) (i) Unit vector perpendicular to the plane of 3 & b is

oy 8%
la x bl
(ii) A vector of magnitude ‘r’ & perpendicular to the plane of
z r(a x b)
3 is * =
8 BRI
- " Y = 1axbl
(iii) I © is the angle between a & b then sin® = B
a

[T
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(h) Vector area :

@ If 4 b & ¢ arethe pv's of 3 points A, B & C then

the vector area of triangle ABC :-12— [5x6+5xé+ﬁxé:|.

The points A, B& C are collinearif  xb+bxc+cxa=0
(i) Area of any quadrilateral whose diagonal vectorsare d, & d,

is given by %]&1 xaz‘. Area of A :%Iéxt}l

11. SHORTEST DISTANCE BETWEEN TWO LINES :

Lines which do not
intersect & are also
not parallel are
called skew lines. In
other words the
lines which are not
coplanar are skew
lines. For Skew lines
the direction of the
shortest distance vector would be perpendicular to both the lines.

The magnitude of the shortest distance vector would be equal to that

of the projection of AB along the direction of the line of shortest

distance, LM is parallel to pxq

i.e. LM = |Projection of AB on LM

| Projection of AB on Pxd |

AB.(Bxd) _|b-a).pxq)
pxg | | 1pxgl

(a) Thetwolinesdirectedalong p & ¢ will intersect only if shortest
distance = 0

Il
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12,

i.e. (b-a).(pxg) =0 ie. (b-3a) liesin the plane containing
P &d =[(6-3) 5 4]=0

() Iftwolinesaregivenby f, =3, +K,b

M

& T, =3, +K,b lLe. they d

bx (3, -&)| € - .1,
bl 1

SCALAR TRIPLE PRODUCT /BOX PRODUCT / MIXED

PRODUCT :

(a) The scalar triple product of three vectors a, b & ¢ is defined

as: (xb).€ =laIBIIEIsinBcosd

are parallel then, d =

where € is the angle
between 3 & b &
¢ is the angle between
dxb & &. ltisako
defined as [3 b ¢],

spelled as box product.
{b) Inascalartriple product the position of dot & cross can be interchanged

ie a,(bx¢) =(axb).c OR[a b & =[b ¢ & =[¢ & b]

(©) d.(bxd=-a.[cxb) ie [@ b & = -[ach]

(d If a, b, ¢ arecoplanar < [a bé=0= a,b,care
linearly dependent.
(e) Scalar product of three vectors, two of which are equal or parallel

isOie. [a bg=0
() [ijkl=1[Ka b c)=KIa b &:[@+b) ¢ dl=[a&dl+bEd]
(g) () The Volume of the tetrahedron OABC with O as origin &
the pv's of A, Band C being a, b & ¢ are given by

V=%[5E=E]

ALLEMW

CAREER INSTITUTE
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(ii) Volume of parallelopiped whose co-terminus edges are
ab& cislabal.
(h) Remember that :
® [E-b b-¢ c-3=0

B2
i
+

ai
o'l
+

g7
gl
+

!
1]

D
[+']]
o
ol

a
(i) [3 b &2 =[axb bx¢ cxa]=b-3
a

VECTOR TRIPLE PRODUCT :

Let 3, b & & beany three vectors, then that expression & x (b x )
is a vector & is called a vector triple product.

(@ 3 x (b x &) = (3a.6)b—(3.b)¢

®) @xb)xc=(a . cb-(b . c)a

(€) B x b) x €% ax(bxc)

LINEAR COMBINATIONS / LINEAR INDEPENDENCE AND
DEPENDENCE OF VECTORS

Linear combination of vectors :

Given a finite set of vectors a, b, € y.ucoreee... then the vector
F=Xa+yb+2C+.cn. is called a linear combination of
3, b, €, foranyx, v,z ....... € R. We have the following resuilts :

(@) If %,, x,,...X,are n non zero vectors, & k,;, k,,...k, are n
scalars & if the linear combination kX, +k,X, +....k X, =0
=k =0k, =0....k, =0 then we say that vectors
X;, ¥5,...X, are linearly independent vectors

) If x,, x,,......x, are not linearly independent then they are
said to be linear dependent vectors. i.e. if

k,%;, kX, +......k X, = 0 & if there exists at least one k, # 0

then %,, X,,...X, are said to be linearly dependent.
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15.

16.

17.

() Fundamental theorem in plane :let &, b be non zero, non

collinear vectors. then any vector ¥ coplanar with 4, b can be

expressed uniquely as a linear combination of &, b i.e. there
exist some unique x, v € R suchthat xa + yE =¥

(d) Fundamental theorem in space:let 4 b, ¢ be non-
zero, non-coplanar vectors in space. Then any vector 7, can
be uniquely expressed as a linear combination of 3, b, ¢ i.e.
There exist some unique X, y,zeR such that
F=xa+yb+zc.

COPLANARITY OF FOUR POINTS :

Four points A, B, C, D with position vectors &, b, ¢, d respectively

are coplanar if and only if there exist scalars x, y, z, w not all zero

simultaneously such that xa + yb+2¢+wd = 0

where, x+y+z+w=0
RECIPROCAL SYSTEM OF VECTORS :

f 4 b & & a,b, ¢ are two sets of non coplanar vectors such

that 4.4'=b.b'=¢.¢ =1 then the two systems are called
Reciprocal System of vectors.
[@a b ¢ @ b ¢ @ b ¢

TETRAHEDRON :

(i) Lines joining the vertices of a tetrahedron to the centroids of the
opposite faces are concurrent and this point of concurrecy is called
the centre of the tetrahedron,

(ii) In a tetrahedron, straight lines joining the mid points of each pair
of opposite edges are also concurrent at the centre of the

tetrahedron.
(iii) The angle between any two plane faces of regular tetrahedron is

A
COs —

[T
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3D-COORDINATE GEOMETRY
DISTANCE FORMULA :

The distance between two points A (x,, v,, z,) and B (x,, y,, z,) is

given by AB = yl(x, - x,)* +(y, -9, + (2, - 2,)’]

SECTION FORMULAE :

Let Px,, y,, 2,) and Q(x,, ,, 2,) be two points and let R (x, y, 2) divide
PQ in the ratio m, : m,. Then R is

_ (mlxz +MyX, My, +myy, myZ, + mZZI\
k m, + My m; +1m, my + M,

x,v,2)

If (m;/m,) is positive, R divides PQ internally and if (m,/m,) is

negative, then externally.

Mid point of PQ is given by [xl ;xe‘ Wit¥e % +32]

o

CENTROID OF A TRIANGLE :

Let Alx,, y;. 2,), BX,, vy, 2,), ClX4, V5, 25) be the vertices of a triangle
ABC. Then its centroid G is given by

G=[xl tXp+Xg Wi tVp+Vs 2,437, "‘2:4]

3 ’ 3 ' 3
DIRECTION COSINES OF LINE :
If &, B, v be the angles made by a line with
x-axis, y-axis & z-axis respectively then J
cosa, cosf & cosy are called direction
cosines of a line, denoted by I, m & n
respectively and the relation between £,
m, nisgivenby  +m?+n? =1
D. cosine of x-axis, y-axis & z-axis are respectively

1,0,0;0,1,0:0,0, 1
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DIRECTION RATIOS :

Any three numbers a, b, ¢ proportional to direction cosines £, m, n

are called direction ratios of the line,

{ m n

ie. —=—=—

a b ¢

It is easy to see that there can be infinitely many sets of direction
ratios for a given line.

RELATION BETWEEND.C'S & D.R'S :

f_m_n

a b ¢

ﬁ__z_i=£’2+mz+n2

a? b2 & af+bi+c?

P = *a . P +b P tc
DIRECTION COSINE OF AXES :

Direction ratios and Direction cosines of the line joining
two points :

Let Alx,, y,, 2,) and B(x,, y,, z,) be two points, then d.r.’s of AB are

1 1
X, =Xy, Yo=Yy, Z,—2, and thed.c.’s of AB are —r-[xz—xl}, 3 (v, - vy,

1 b
7 (2~ 2)) where r=/[Z(x, -x,)’] =| ABI

PROJECTION OF A LINE ON ANOTHER LINE :

Let PQ be a line segment with P(x,, v;, z,) and Q(x,, y,, z,) and let L
be a straight line whose d.c.’s arel, m, n. Then the length of projection

of PQontheline Lis | £ (x, —x;) + m (y, —y,) + n (2, - z,) |
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10.

11.

ANGLE BETWEEN TWO LINES :

Let 6 be the angle between the lines with d.c.’s 1;, m;, n, and I, m,,
n, then cos 6 = |, |, + mym, + nyn, . If a,, by, ¢, and a,, by, ¢, be
D.R.’s of two lines then angle 8 between them is given by

(a,a, +byb, +c,c5)

\/(af +b? +cf)J{a§ +b3 +cl)

PERPENDICULARITY AND PARALLELISM :

cosb =

Let the two lines have their d.c.’s given by 1;, m;, n, and 1,, m,, n,
respectively then they are perpendicular if 8 = 90°i.e. cos =0, i.e.
I, I, + mym, + nyn, = 0.

s . % 4 Lo o mpon

Also the two lines are parallel if 8 = Qi.e.sin0=0,ie. —=—=—
p my N

Note:
If instead of d.c.’s, d.r.’s a;, b;, ¢, and a,, b,, c,are given, then
the lines are perpendicular if a,a, + b;b, + c,c, = 0 and paralle!
if a,/a,=b,/b, = c,/c,.
EQUATION OF A STRAIGHT LINE IN SYMMETRICAL

FORM :
(@) One point form : Let Alx,, y,, z,) be a given point on the
straight line and |, m, n the d.c's of the line, then its equation is

X=X _¥-% _2z-3

¢ m n
It should be noted that P(x, + Ir, y, + mr, z, + nr) is a general point
on this line at a distance r from the point A(x,, y;, z,) i.e. AP =r.
One should note that for AP = r; |, m, n must be d.c.’s not d.r.’s.
If a, b, c are direction ratios of the line, then equation of the line

=r (say)

i, W el i S but here AP #r
a b c
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(b) Equation of the line through two points Alx,, v,, 1} and B{xz‘ Yo, Zg)
X% Y% &%
Xp=X3 VYo=Wy 2273
12. FOOT, LENGTH AND EQUATION OF PERPENDICULAR

FROM A POINT TO A LINE :
Let equation cf the line be

is

x'_x‘ ::y_yl ;TZZ_ZI

, =T S ' enaa (i)
¢ m n
and A (., 3, ¥) be the point. Any point on the line (i) is
Hire g, mrEsh A2 0 T e e (i)

If it is the foot of the perpendicular, from A on the line. then AP 15 L
totheline, so f (fr+ %X, =) +m(mr+y, =)+ n{nr+z,—y) =
ie. r=la=x)(+P-y)m+(y-z)n

since 2+m?f4ani=1

Putting this value of r in (i), we get the foot of perpendicular from
point A to the line

Length : Since inot of perpendicular P is known, lenagth of

perpendicular,

AP = \.",'_ r+ % a)? + (mr < Y, = f) +(nr+z, v¥1
Ecuation of perpendicular is given by
el We=Prec. Z=)
r+%y—-a¢ mr+y,—B° nrig
13. EQUATIONS OF A PLANE :

The equation of every plane is of the first degree ie. of the form

ax + by + cz +d=0,inwhicha, b, care constants, where 2 + b* + c* #
0 (i.e. 2, b, ¢ # 0 simultanecusly)
{a) Vector form of equation of plane :
If 2@ be the position vector of 2 point on the plane and 1 be a
vector normal to the plane then it's vectorial equation is giver

by (F-2ln=0= r.n=d where «
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®)

()

(d)

(e)

(g)

Plane Parallel tc the Coordinate Planes :
(i) Equation of y-z plane is x = 0.
(ii} Equation of z-x planeis y = 0.

]

(iii) Equation of x-y plane is z = 0.

{iv) Equation of the plane parallel to x-y plane at a distance c is

2 = ¢. Similarly, planes parallel to y-z plane and z-x plane are

respectively x = candy =,

Equations of Planes Parallel to the Axes :

ila=0, the plane is parallel to x-axis i.e. equation of the plane

parallel to x-axis is by + cz + d = 0.

Similarly, equations of planes parallel to y-axis and parailel to

z-axis are ax + cz + d = 0 and ax + by + d = 0 respectively

Equation of a Plane in Intercept Form :

Fquation of the plane which cuts off intercepts a. b, ¢ from the
1

axes is —+ =+ —
a L} [

= |

Equation of a Plane in Normal Form :

[¢ the length of the perpendicular distance of the plane frem
the crigin is p and direction cosines of this perpendicular are |
m; n}, then the equation of the plane is X + my + nz = p.
Vectorial form of Normal equation of plane -

If 11 is & unit vector normal to the plane from the orlgin to the
plane and d be the perpendicular distance of plane from origin

then its vector equation is r.n=d.

Equation of a Plane through three points :
The ecuation of the plane through three non-collinear points
¢ Ny 2
o W 20 (X, Yoy 2] Ko, Vg, Z4) 6 ) ' te: 0
Ya #Zp 4|
. |
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14. ANGLE BETWEEN TWO PLANES :

Consider two planesax + by +cz+d=0anda'x+by+c'z+d =0.
Angle between these planes is the angle between their normals.
aa'+ bb'+cc’
va? +b? + 2 va?+ b+ c?
Planes are perpendicular if aa' + bb' + cc' = 0 and they are parallel
if a/a' = b/b' = c/c. ;
Planes parallel to a given Plane :

cosf =

Equation of a plane parallel to the plane ax + by + cz +d = 0 is
ax + by + cz + d = 0. d is to be found by other given condition.

ANGLE BETWEEN A LINE AND A PLANE :

X=X = Z—Z
Let equations of the line and plane be 7 1= Y my1 . = L and

ax + by + cz + d = O respectively and 6 be the angle which line
makes with the plane. Then (n/2 — 6} is the angle between the line

and the normal to the plane.

o= | al+bm+cn na 2
J{ag-hbz +c2}\f(f2 +m? +n?) v o /‘Lg
Line is parallel to plane if 6 = 0 L

i.e.ifal + bm +en = 0.

Line is . to the plane if line is parallel to the normal of the plane
b ¢

e 2alaB,
f m n
CONDITION IN ORDER THAT THE LINE MAY LIE ON THE

GIVEN PLANE :

m

The line X;x] s Y-y s -2 L“]]EemtheplanEAX-PBy'i'CZ"'D:O
n

f () Af+Bm+Cn=0 and (b)Ax, + By, + Cz, + D=0

190
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17. POSITION OF TWO POINTS W.R.T. APLANE :

Two points P(x,, y,, z,) & Q[x,, y,, z,) are on the same or opposite sides
of a plane ax + by + ¢z + d = 0 according to ax, + by, + cz, +d &
ax, + byz +cz, + d are of same or opposite signs.

18. IMAGE OF A POINT IN THE PLANE :

P
Let the image of a point P(x,, y,, z,
inaplaneax + by +cz+d=0is / . ;
Q(x,, vy, 2,) and foot of perpendicular Q

of point P on plane is R(x,, y,, z;), then

@ X=X _Ya—Yy _23-2 _ (ax; +by, +cz +d
a b ¢ a® +b? +c?

(b) Ao =%y Y =Wy Za77 =_2(ax1 -;by]:-’f‘zlz+d)
a b o a“+b +¢
19. CONDITION FOR COPLANARITY OF TWO LINES :
Let the two lines be

X— _Y-B _z-7

T m, n, e @)
X—=0y Y-B, z-y, -
and 0 ™, ny e (ii)
a -0y B-B Y1
These lines will coplanar if | 1 m, n |[=0
£y my Ny
x—o, Y-B; z-vy,
y the plane containing the two linesis | m, n |=0

ly my Ny
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20. PERPENDICULAR DISTANCE OF A POINT FROM THE

PLANE :
Perpendicular distance p, of the point Alx,, y;, z,) from the plane
ax + by + cz + d = 0 is given by
_lax; +by, +cz, +d|
B J@% +b? +c?)
Distance between two parallel planes ax + by + cz+d, = 0
d, -d,

a’ +b%+c?

& ax +by+cz+d, =0is-

21. A PLANE THROUGH THE LINE OF INTERSECTION OF
TWO GIVEN PLANES :
Consider two planes
u=ax+by+cz+d=0andv=a'x+by+cz+d=0.
The equation u + Av = 0, A a real parameter, represents the plane
passing through the line of intersection of given planes and if planes
are parallel, this represents a plane parallel to them.

22, BISECTORS OF ANGLES BETWEEN TWO PLANES :

Let the equations of the two planes be ax + by + cz + d = 0 and
a;x+by+c,z+d =0.

Then equations of bisectors of angles between them are given by

ax+by+cz+d | ax+by+cz+d,
=+ L
J@? +b? +c?) Va2 +b?+c2)

(a) Equation of bisector of the angle containing origin : First
make both constant terms positive. Then +ve sign give the
bisector of the angle which contains the origin.

(b) Bisector of acute/obtuse angle : First making both constant
terms positive,
aa, + bb, + cc; >0 = origin lies in obtuse angle
aa, +bb, +cc, <0 = origin lies in acute angle
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in PROBABILITY 2

E:

SOME BASIC TERMS AND CONCEPTS

(a) An Experiment : An action or operation resulting in two or
more outcomes is called an experiment.

(b) Sample Space : The set of all possible outcomes of an
experiment is called the sample space, denoted by S. An element
of S is called a sample point.

(c) Event : Any subset of sample space is an event.

(d) Simple Event : An event is called a simple event if it is a
singleton subset of the sample space S.

(e) Compound Events : It is the joint occurrence of two or more
simple events.

(f) Equally Likely Events : A number of simple events are said

to be equally likely if there is no reason for one event to occur
in preference to any other event.

(a) Exhaustive Events : All the possible outcomes taken together
in which an experiment can result are said to be exhaustive
or disjoint.

(h) Mutually Exclusive or Disjoint Events : If two events cannot
occur simultaneously, then they are mutually exclusive.

If A and B are mutually exclusive, then A n B = ¢.
(i) Complement of an Event : The complement of an event A,

denoted by A, A' or AC, is the set of all sample points of the

space other then the sample points in A.
MATHEMATICAL DEFINITION OF PROBABILITY
Let the outcomes of an experiment consists of n exhaustive mutually
exclusive and equally likely cases. Then the sample spaces S has
n sample points. If an event A consists of m sample points, (0 <
m < n), then the probability of event A, denoted by P(A) is defined
to be m/n i.e. P(A) = m/n.
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Let 8 =8 8 wuiw , a, be the sample space

(a) P(S) = % = 1 corresponding to the certain event.

0
(b) P(¢) = e 0 corresponding to the null event ¢ or impossible
event.
() fA ={a ) i=1, ..., nthen A isthe event corresponding
to a single sample point a. Then P(A ) -%.
(d 0<PA) <1

ODDS AGAINST AND ODDS IN FAVOUR OF AN EVENT :

Let there be m + n equally likely, mutually exclusive and exhaustive

cases out of which an event A can occur in m cases and does not

occur in n cases. Then by definition of probability of occurrences
m

- m+n

The probability of non-oceurrence =

P(A) : PA)=m:n
Thus the odd in favour of occurrences of the event A are defined
by m : ni.e. P{A) : P(A'); and the odds against the occurrence of
the event A are defined by n : m i.e. P(A’) : P(A).

ADDITION THEOREM

(@) If A and B are any events in S, then
P(A U B) = P(A) + P(B) - P(A n B)
Since the probability of an event is a nonnegative number, it
follows that
P(A U B) < P(A) + P(B)
For three events A, B and C in S we have
PFIAUBuUC)=P@A)+PB) +PC)-PAnB)-PBn ()
-PICn A +PANBNCQC).

m+n
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General form of addition theorem

For n cvents A, Ay, Ay ossens A in S, we have
PA, VAL VA VA, e W A)

- YP(A)-TP(ANA)+ T PLANANA,).....
= i=| i< jak
+ 1P P A A A, s 0 A)
(b) If A and B are mutually exclusive, then P(A n B) = 0 so that
P(A U B) = P(A) + P(B).

MULTIPLICATION THEOREM

Independent event :

So if A and B are two independent events then happening of B

will have no effect on A.

Difference between independent & mutually exclusive event :

() Mutually exclusiveness is used when events are taken from same
experiment & independence when events one takes from
different experiment.

(ii) Independent events are represented by word "and" but mutually
exclusive events are represented by word "OR".

(a) When events are independent :
P(A/B} = P(A) and P(B/A) = P(B), then

P(ANnB) = P(A). PB) OR P{AB) = P(A) . P(B)

(b) When events are not independent
The probability of simultaneous happening of two events A and
B is equal to the probability of A multiplied by the conditional
probability of B with respect to A (or probability of B multiplied
by the conditional probability of A with respect to B) i.e

P (AnB) =P (A) . P(B/A) or P (B) . P (A/B)

OR
P (AB) = P(A) . P (B/A) or P (B) . P (A/B)
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(c) Probability of at least one of the n Independent events
BDii B D v p, are the probabilities of n independent
events A, , A,, A, ..... A then the probability of happening of
at least one of these event is
1-[(1-p; ) {(1=pg} ... A=pJ]

PA, +A, +A+....+A,)=1-P(A,)P(A,)P(A,).... P(A,)

CONDITIONAL PROBABILITY :

If A and B are any events in S then the conditional probability of

B relative to A is given by

PBnA
PB/A) = —(;,{f;—)’

BAYE'S THEOREM OR INVERSE PBOBABILITY :

Let A A v , A, be n mutually exclusive and exhaustive events
of the sarnple space S and A is event which can occur with any

P(A)P(A/A)
3 P(A)PA/A,)
=1

If P(A) # 0

of the events then P[ij =

BINOMIAL DISTRIBUTION FOR REPEATED TRIALS
Binomial Experiment : Any experiment which has only two
outcomes is known as binomial experiment.

Outcomes of such an experiment are known as success and failure.
Probability of success is denoted by p and probability of failure by q.
" p+q=1

If binomial experiment is repeated n times, then

o+ af =*C, q" + °C,pg"! + *C,plq*"* +....4 °C D' "' + .......
+'C p"=1

(a) Probability of exactly r successes in n trials = "C p'q"~"

T

(b) Probability of at most r successes in n trails = Z "Cphg™™
+=0
n

{c) Probability of atleast r successes in n trails = Y. "C,p*q"™
L=t
(d) Probability of having I* success at the r" trials = p g~ 1.
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The mean, the variance and the standard deviation of binomial
distribution are np, npq, /npq -

SOME IMPORTANT RESULTS

(a) Let A and B be two events, then
() PA) +PA)=1
@) PA +B) =1-P(AB)

_ P(AB)
(iii) P(A/B) = PB)

‘(iv) PA + B) = P(AB) + P(AB) + P(AB)
(v AcB= PA) < PB)
(v P(AB) = P(B) - P(AB)

(vii) P(AB) < P(A) P(B) < P(A + B) < P(A) + P(B)
(viii) P(AB) = P(A) + P(B) - PA + B)

(ix) P(Exactly one event) = P(AB) + P(AB)
= P(A) + P(B) - 2P(AB)= P(A + B) — P(AB)
(x) P{neither A nor B) = P(AB) = 1 - P(A + B)
(d) P(A+B)=1 - PAB)
(b) Number of exhaustive cases of tossing n coins simultaneously
(or of tossing a coin n times) = 2"

(c) Number of exhaustive cases of throwing n dice simultaneously
(or throwing one dice n times) = 6°

(d) Playing Cards :
(i) Total Cards : 52(26 red, 26 black)
(i) Four suits : Heart, Diamond, Spade, Club - 13 cards each
(iii) Court Cards : 12 (4 Kings, 4 queens, 4 jacks)
(iv) Honour Cards : 16 {4 aces, 4 kings, 4 queens, 4 jacks)
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(e) Probability regarding n letters and their envelopes :

If n letters corresponding to n envelopes are placed in the
envelopes at random, then

(i) Probability that all letters are in right envelopes = %
(ii) Probability that all letters are not in right envelopes = 1 —;_.1—!~
(iii) Probability that no letters is in right envelopes
1 1 1 1
BT TR TR ™Y
(iv) Probability that exactly r letters are in right envelopes

P A
=,ﬁ[5"§+a‘ ----- el (n_rn]
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MEASURES OF CENTRAL TENDENCY :

An average value or a central value of a distribution is the value of
variable which is representative of the entire distribution, this
representative value are called the measures of central tendency.
Generally the following five measures of central tendency.

(a)

()

1. ARITHMETIC MEAN :

(0

(i)

(i)

Mathematics Handbook
S ANV AR —————S,

i STATISTICS

Mathematical average

(i) Arithmetic mean (il Geometric mean
(iii) Harmonic mean

Positional average

(i) Median (i) Mode

For ungrouped dist. : If x, x,, ...... x_are n values of variate
x, then their AM. ¥ is defined as

n _

X, +X; +.t X
n n

==

= Ix,=nYx

For ungrouped and grouped freq. dist. : If x, x,, ... x_are
values of variate with corresponding frequencies f, f,, ... f then
their A.M. is given by

Zn:fixi

< fix, +h% 6%, T hereN-= Zfi
LT P S N tie}
By short method :
Let d=x-a
Zfd,

X =a+ N where a is assumed mean
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)

(vi)

(v) By step deviation method : 2

et u="—=

* h h

= Zfu,

Xx=a+|—=1h

N

Weighted mean : If w,, w,, ...... w_are the weights assigned to
the values x,, x,, ..... x, respectively then their weighted mean is
defined as

Weighted mean =

Combined mean : If X; and X, be the means of two groups
having n, and n, terms respectively then the mean (combined mean)
of their composite group is given by combined mean

_nX, +n,X,

< n,+n,
If there are more than two groups then,
n,X, +0,X, + 03X, +....

combined mean =
n,+n,+n;+....

(vii) Properties of Arithmetic mean :

® Sum of deviations of variate from their A.M. is always zero
ie Z(x-X)=0, Zf(x - X)=0

® Sum of square of deviations of variate from their A.M. is
minimum i.e. Z{x - X)?is minimum

® [f X is the mean of variate x,then AM.of (x+1)= X + 2
AM. of (Ax) = L X

AM. of (ax, + b) =aX + b (where A, a, b are constant)

® A M. is independent of change of assumed mean i.e. it is not
effected by any change in assumed mean.
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MEDIAN :

The median of a series is the value of middle term of the series when
the values are written in ascending order. Therefore median, divided
an arranged series into two equal parts.

Formulae of median :

2.

)

(i

(i)

MODE :

In a frequency distribution the mode is the value of that variate which
have the maximum frequency

Mathematics Handbook

For ungrouped distribution : Let n be the number of variate
in a series then

th
[EJF—IJ term, (when n is odd)
Median = o "
Mean of(%) and (%HJ terms, (when n is even)

For ungrouped freq. dist. : First we prepare the cumulative
frequency (c.f.) column and Find value of N then

th
qui{] term, (when N is odd)

Median = i \
Mean of [%} and [I—;-H] terms, (when N is even)

For grouped freq. dist : Prepare c.f. column and find value of

N
2 then find the class which contain value of c.f. is equal or just

greater to N/2, this is median class

el
. Median = ¢ +2T x h

where £ — lower limit of median class
f — freq. of median class

F — cf. of the class preceeding median class
h — Class interval of median class

. |
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Method for determining mode :

(i) For ungrouped dist. : The value of that variate which is repeated
maximum number of times

(ii) For ungrouped freq. dist. : The value of that variate which
have maximum frequency.

(iii) For grouped freq. dist. : First we find the class which have maximum
frequency, this is model calss

fo "'fl

—2 1 _yh
TR

.. Mode = ¢ +

where £ — lower limit of model class
f,— freq. of the model class
f,— freq. of the class preceeding model class
f,— freq. of the class succeeding model class
h — class interval of model class
RELATION BETWEEN MEAN, MEDIAN AND MODE :

In a moderately asymmetric distribution following relation between
mean, median and mode of a distribution. It is known as imprical
formula.
Mode = 3 Median — 2 Mean
Note : () Median always lies between mean and mode

(i) For a symmetric distribution the mean, median and mode

are coincide.

MEASURES OF DISPERSION :

The dispersion of a statistical distribution is the measure of deviation of
its values about the their average (central) value.

Generally the following measures of dispersion are commonly used.
(i) Range

i) Mean deviation

(i) Variance and standard deviation
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(ii)

(iii)

Mathematics Handbook

Range : The difference between the greatest and least values of
variate of a distribution, are called the range of that distribution.
If the distribution is grouped distribution, then its range is the
difference between upper limit of the maximum class and lower
limit of the minimum class.

difference of extreme values

Also, coefficient of range =
sum of extreme values

Mean deviation (M.D.) : The mean deviation of a distribution
is, the mean of absolute value of deviations of variate from their
statistical average (Mean, Median, Mode).

If A is any statistical average of a distribution then mean deviation
about A is defined as

lei_AI

Mean deviation = (for ungrouped dist.)

n

ifilxi_AI

Mean deviation = “"‘T (for freq. dist.)

Note :- is minimum when it taken about the median

Mean deviation

A
(where A is the central tendency about which Mean deviation is taken)
Variance and standard deviation : The variance of a

distribution is, the mean of squares of deviation of variate from
their mean. It is denoted by o?or var(x).

The positive square root of the variance are called the standard
deviation. It is denoted by o or S.D.

Hence standard deviation = + y/variance

Coefficient of Mean deviation =
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Formulae for variance :
(i) for ungrouped dist. :

2(x, -X)*
n

2 2 2
2 BN e Zx; _ &)
X n n n

2 _

. 4 (pdY
Gy = —-rl__ —n—' , whered =x-a

(ii) For freq. dist. : '

, _ Efi(x, ~Xx)°

: N

5 ; )Zfixf_[Efixi)z
"N ®="N"\'N

Ca="N N

- L[?f_) ehereu = 31
CFU= N N ere u, = h

(i) Coefficient of S.D. =

,  Xfd? _(Efidi )’

=l |a

g
Coefficient of variation = _i- x100 (in percentage)

. 2- 2-22
Note :- 6*= o, = 0, =h’0,
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MEAN SQUARE DEVIATION :
The mean square deviation of a distrubution is the mean of the square
of deviations of variate from assumed mean. It is denoted by S?

X(x,—-a) Zd _
Hence §%= - = (for ungrouped dist )
(x, —a)® Zfd]
S?= (%, ~a) = II\I ~ (for freq. dist.), where d, = (x,~a)

N
RELATION BETWEEN VARIANCE AND MEAN SQUARE
DEVIATION :

, Zfd? _[EfidiJl
TN N

zfd,
N

= of=s%¢-d?, whered=X -a=

= s§’=0?+d? =s?20?
Hence the variance is the minimum value of mean square deviation of
a distribution

MATHEMATICAL PROPERTIES OF VARIA.CE :
® Var(x + A) = Var(x)

Var.(Ax) = A? Var(x)

Var(ax, + b) = a®.Var(x)

where A, a, b, are constant

® If means of two series containing n,, n, terms are X,X, and

their variance's are o-f - o‘i respectively and their combined mean

is X then the variance o? of their combined series is given by
following formula

_n,(o} +d)+n,(0; +d3)
(n,+n,)

gl

whered =X, -X,d, =%, -X

nlcf+nzc§+ n,n,
n,+n,  (n,+n,)’

ie.o?= (X, -X, )2
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MATHEMATICAL REASONING I

| e
STATEMENT :

A sentence which is either true or false but cannot be both are called a
statement. A sentence which is an exclamatory or a wish or an imperative
or an interrogative can not be a statement.

If a statement is true then its truth value is T and if it is false then its truth
value is F

SIMPLE STATEMENT :

Any statement whose truth value does not depend on other statement
are called simple statement.
COMPOUND STATEMENT :

A statement which is a combination of two or more simple statements
are called compound statement

Here the simple statements which form a compound statement are known
as its sub statements

LOGICAL CONNECTIVES :

The words or phrases which combined simple statements to form a
compound statement are called logical connectives.

S.N.| Connectives Symbol | Use Operation

1. |and A PAQ conjunction

2 or v PV Qq disjunction

3. | not ~or' ~porp' negation

4 If .... then ..... =>or— |p=q Implication or
or p—>q conditional

5. |fandonlyif(iff | ore |peq Equivalence or
orp «> q | Biconditional
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TRUTH TABLE :
Conjunction Disjunction Negation
Plajpnq Pla|Pva
T T T T|T| T p|(~p)
TiEl F TIF| T T B
FIT| B FlT! T E|] T
F|F F FlF F
Conditional Biconditional
pla|p—q » . (p=>q)a(g—>p)
e Pl el e T e
T|F F T(T| T T T
FlTl T T|F| F T F
FIF| T FIT| T F F
F|F T T B
Note : If the compound statement contain n sub statements then its
truth table will contain 2" rows.
6. LOGICAL EQUIVALENCE :

Two compound statements S, (p, q, r...) and S,(p, g, r ....) are said to be
logically equivalent or simply equivalent if they have same truth values

Mathematics Handbook

for all logically possibilities

Two statements S, and S, are equivalent if they have identical truth
table i.e. the entries in the last column of their truth table are same. If
statements S, and S, are equivalent then we write S, =S,

i.e.

P—>q=~-pvq

TAUTOLOGY AND CONTRADICTION :

®

(ii)

Tautology : A statement is said to be a tautology if it is true for all

logical possibilities

i.e. its truth value always T. it is denoted by t.

Contradiction : A statement is a contradiction if it is false

for all logical possibilities.

207



Mathematics Handbook

i.e. its truth value always F. It is denoted by c.
Note : The negation of a tautology is a contradiction and negation
of a contradiction is a tautology
DUALITY :

Two compound statements S; and S, are said to be duals of each other
if one can be obtained from the other by replacing A by v and v by A

If a compound statement contains the special variable t (tautology) and
¢ (contradiction) then obtain its dual we replaced t by ¢ and c by t in
addition to replacing A by vand v by A.

Note :

(i)  the connectives A and v are also called dual of each other.

(i) I S*(p,q) is the dual of the compound statement S(p,q) then
(a) S*(~p, ~q) = ~S(p, @) (b) ~S*(p, @) =S(~p, ~q)

CONVERSE, INVERSE AND CONTRAPOSITIVE OF THE
CONDITIONAL STATEMENT (p -> q):

(i Converse : The converse of the conditional statement
p = qisdefinedasq— p

(i) Inverse : The inverse of the conditional statement p — q is
defined as ~p —» ~q

(iii) Contrapositive : The contrapositive of conditional statement
p — q is defined as ~q —» ~p

NEGATION OF COMPOUND STATEMENTS :

If p and q are two statements then

(i) Negation of conjunction: ~(pag=~pv~q

(ii) Negation of disjunction : ~(p vg)=~p A ~q

(iii) Negation of conditional : ~(p > g =p A ~q

(iv) Negation of biconditional : ~ (p <> g/ =(pA~q) vi(ga~p)
we knowthat p & gq=(p—>qgAalg-op)
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L ~p o d=-~lp->analg->p)
=~(p->qgv~(q->p
=(pAa~qviga~p)
Note : The above result also can be proved by preparing truth table for
~p ¢> gand (p A~q) v(q A ~p)
ALGEBRA OF STATEMENTS :

If p, q, r are any three statements then the some low of algebra of
statements are as follow

(i) Idempotent Laws :

@@ pap=p b pvp=p
(ii) Comutative laws :
@ pag=qap ® pvg=qvp

(iii) Associative laws :
@ (agar=palgar
B (pvgvr=pvigvry
(iv}) Distributive laws :
(@ pal@vr=lpargdvipar
b pafgan=(pagalpar)
© pvil@an=(pvgalpvr)
d pvi@vr=pvgvipvr
(v) De Morgan Laws :
@ ~Pag=~pv~q
® ~pvad=~pa~g
(vi) Involution laws (or Double negation laws) : ~(~p)=p
(vii) Identity Laws : If p is a statement and t and ¢ are tautology
and contradiction respectively then
@pat=p (Gpvi=t (Jpac=c (dpvc=p
(viii) Complement Laws :
@pal~p)=c b pv(~p) =t
e (~th=c (d) (~c) =t
(ix) Contrapositive laws: p > q=~q = ~p
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12. QUANTIFIED STATEMENTS AND QUANTIFIERS :
The words or phrases "All", "Some", "None", "There exists a" are ex-

amples of quantifiers.

A statement containing one or more of these words (or phrases) is a

quantified statement.

Note : Phrases "There exists a" and "Atleast one" and the word "some”

have the same meaning.

NEGATION OF QUANTIFIED STATEMENTS :

(1) 'None'is the negation of 'at least one' or 'some’ or 'few'
Similarly negation of 'some’ is 'none’

(2) The negation of "some A are B" or "There exist A which is B"
is "No A are (is) B" or "There does not exist any
A which is B". .

(3) Negation of "All A are B" is "Some A are not B".

E\20 18- 17\ Ketah
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SETS

. PR TP
SET :
A set is a collection of well defined objects which are distinct from each
other

Set are generally denoted by capital letters A, B, C, .... etc. and the
elements of the set by a, b, ¢ .... etc.

If a is an element of a set A, then we write a € A and say a belongs
to A.

If a does not belong to A then we write a g A,

SOME IMPORTANT NUMBER SETS :
N = Set of all natural numbers
= {1, 2, 3, 4, ...}
W = Set of all whole numbers
= {0,.1, 2 3, ...}
Z or 1 set of all integers
={..-3,-2-1,01, 2,3, ...}
Z* = Set of all +ve integers
={1,2 3, ...} =N

Z= = Set of all —ve integers
= (-1, -2, -3, ...}

Z, = The set of all non-zero integers.
= {+]1, 22, 23, ...}

Q = The set of all rational numbers.

- {P—:p.qel.qat{)}
q ;

R = the set of all real numbers.

R-Q = The set of all irrational numbers
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METHODS TO WRITE A SET :

(i) Roster Method : In this method a set is described by listing

elements, separated by commas and enclose then by curly brackets
(ii) Set Builder From : In this case we write down a property or

rule p Which gives us all the element of the set

A = [x : Plx)}
TYPES OF SETS :

Null set or Empty set : A set having no element in it is called an
Empty set or a null set or void set it is denoted by ¢ or { }
A set consisting of at least one element is called a non-empty set or
a non-void set.
Singleton : A set consisting of a single element is called a singleton
set.
Finite Set : A set which has only finite number of elements is called
a finite set.
Order of a finite set : The number of elements in a finite set is called
the order of the set A and is denoted O(A) or n(A). It is also called
cardinal number of the set.
Infinite set : A set which has an infinite number of elements is called
an infinite set.
Equal sets : Two sets A and B are said to be equal if every element
of A is a member of B, and every element of B is a member of A.
If sets A and B are equal. We write A = B and A and B are not equal
then A # B
Equivalent sets : Two finite sets A and B are equivalent if their number
of elements are same
i.,e. n(A) = n(B)
Note : Equal set always equivalent but equivalent sets may not be equal
Subsets : Let A and B be two sets if every element of A is an element
B, then A is called a subset of B if A is a subset of B. we write
AcB
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Proper subset : If A is a subset of B and A # B then A is a proper

subset of B. and we write A cB

Note-1 : Every set is a subset of itself i.e. A < A for all A
Note-2 : Empty set ¢ is a subset of every set

Note-3 : Clearly NcWcZcQecRcC

Note-4 : The total number of subsets of a finite set containing n elements
is 20

Universal set : A set consisting of all possible elements which occur
in the discussion is called a Universal set and is denoted by U
Note : All sets are contained in the universal set

Power set : Let A be any set. The set of all subsets of A is called
power set of A and is denoted by P(A)

Some Operation on Sets :

() Union of two sets : AUB=1{x:x € Aorx e B}

(i) Intersection of two sets : A "B = {x : x € A and x € B}

iy Difference of two sets : A-B ={x:x e Aandx ¢ B}

(ivy Complement of aset : A'={x:x ¢ Abutxe U =U-A

v} De-Morgan Laws : AUB)=A'nB;(AnB'=A"UB

M) A-BuQ=A-BInA-C;A-BnC)=A-BuiA-0Q

(vi) Distributive Laws : AUBNC)=(AuB n(AuC); An(BuC
=AnB UlANnC

(vii) Commutative Laws : AUB=BUA;: AnB=BnA

(ix) Associative Laws : A UB)UC=AUBUC;(AnB nC
=AnBnQC

X Andé=¢;AnU=A
Aup=A;Aul=U

x) AnBcA;AnBcB

i) AcAuUB;BcAUB

(xii) AcB=>AnB=A

xkivy AcB=>AuB=B
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Disjoint Sets :
IFAn B = ¢, then A, B are disjoint.
Note : AnA =¢ .. A, A are disjoint.
Symmetric Difference of Sets :
AAB=(A-B) u(B-A)

e (A)Y=A
e AcBeBCcA =N
If A and B are any two sets, then
) A-B=AnPB " \}#

i) B-A=BnA

i) A-B=A<AnB=¢

ivy A-BhuB=AuUB

 (A-BnB=p

v) A-B)juB-A =(AUuB)-(AnB
Venn Diagrame :

¥

AuB AnB

A-B

U U %
B
B-A

Clearly A-B)uB-AlvAuB =AUB

o

OE

T (AaB-A-B)u BA)
Note : AnA'=¢, AUA'=U

Disjoint Sets
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SOME IMPORTANT RESULTS ON NUMBER OF ELEMENTS IN SETS :
If A, B and C are finite sets, and U be the finite universal set, then

)

()
(i)
(iv)

W)
(vi)

(vii)

(viii) nfA" U B) = n{{A n B)) = n(U) — n(A n B)

(ix)
(x)

Mathematics Handbook

n(A v B) = n(A) + n(B) - n(A n B)
n(A U B) = n(A) + n(B) < A, B are disjoint non-void sets.
n(A - B) = n(A) - n(A n B) i.e. n(A - B) + n(A n B) = n(4)
n(A A B) = No. of elements which belong to exactly one of A or B
=n((A - B) u (B - A)
=nA-B)+nB-A) [ (A-DB)and (B - A) are disjoint]
= n{A) - n(A n B) + n(B) — nlA n B)
= n(A) + n(B) - 2n(A n B)
= n(A) + n(B) - 2n(A n B)
nAuvuBuC(C
=n(A) +nB) +n(C)-nfA "B}-nBAC)-nANC) +nAnB~C)
Number of elements in exactly two of the sets A, B, C
=nAnB +nBnC +nlCnA-3nAnBnQ
number of elements in exactly one of the sets A, B, C
=n{A) + nB) + nlC) - 2n(A nB) - 2nB n C) - 2n(A n C)
+3nAnBAnQ

n(A' n B) = n{{A u B)) = n(U) - n(A v B)
If Aj, Ay ....... A, are finite sets, then

[UA} >n(a,)- Y n(A NnA)

i=1 lsi<jsn

+ Y oA nA NA)-..+(-1)"n(A, nA, N.LA,)

1si<j<ksn
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! REIATIONS l

Let A and B be two sets. Then a relation R from A to Bis a subset of A xB.
thus, R is a relation from Ato B Rc A xB.
Total Number of Realtions : Let A and B be two non-empty finite

sets consisting of m and n elements respectively. Then A xB consists of
m~ ordered pairs. So total number of subsets of A xB is 2™,

Domain and Range of a relation : Let R be a relation from a set A

to a set B. Then the set of all first components or coordinates of the

ordered pairs belonging to R is called to domain of R, while the set of all

second components or coordinates of the ordered pairs in R is called
the range of R.

Thus, Domain (R) = {a : (a, b) € R}

and, Range (R) = {b: (a, b) € R}
It is evident from the definition that the domain of a relation from A to B
is a subset of A and its range is a subset of B.

Inverse Relation : Let A, B be two sets and let R be a relation from a
set A to a set B. Then the inverse of R, denoted by R, is a relation from
B to A and is defined by

R'={b,a):(a, b) €RI
Clearly, (a,b)e R< (b, a) e R?
Also, Dom(R) = Range(R™) and Range (R) = Dom (R}

In this section we intend to define various types of relations on a given
set A,

Void Relation : Let A be a set. Then $ c A x A and so it is a relation | ;

on A. This relation is called the void or empty relation on A.

Universal Relation : Let Abeaset. ThenAx Ac Ax Aandsoitis |2

a relation on A. This relation is called the universal relation on A.
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Identity Relation : Let A be a set. Then the relation |, = {(a, a) : a € Al
on A is called the identity relation on A.
In other words, a relation I, on A is called the identity relation if every
element of A is related to itself only.
Reflexive Relation : A relation R on a set A is said to be reflexive if
every element of A is related to itself.
Thus, R on a set A is not reflexive if there exists an element A € A such
that(a, a) ¢ R.
Every Identity relation is reflexive but every reflexive ralation is not
identity. .
Symmetric Relation : A relation R on a set A is said to be a symmetric
relation iff

(a,b)e R=(b,a) e Rforalla,be A

Transitive Relation : Let A be any set. A relation R on A is said to be
a transitive relation iff
(a,b)eRand(b,c)e R=>(a,c) e Rforalla,b,ce A
iie. aRbandbRc=aRcforalla,b,ceA
Antisymmetric Relation : Let A be any set. A relation R on set A is
said to be an antisymmetric relation iff
(a,b)eRand(b,a) e R>a=>bforalla,be A
Equivalence Relation : A relation R on a set A is said to be an
equivalence relation on A iff
i) itisreflexivei.e.(a,a) e Rforalla e A
(i) it is symmetrici.e. (a,b) e R=>(b,a) e Rforalla,be A
(ii) it is transitive i.e. (a, b) e Rand (b, c) € R = (a, ¢) € R for all
a, b ceA.
It is not neccessary that every relation which is symmetric and transitive
is also reflexive.
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