MISCELLANEOUS EXAMPLES

| yhort Answer : [1 Mark]
< Let * be a binary operation defined by a* b

~ Sol. a¥*b=2a+b-3
} 4:2(3)+4_3:7

=2a+b - 3. Find 3*4. [CBSE 2008, 1M]

(1]
et * be a binary operation on N given by a * b = HCF (a,b), a, b € N. Write the value of 22 *4.
[CBSE 2009, 1M]
izol/ *4=H.C.Fof (22,4)=2 [1]
J%W R = R be defined by f (x) = (3 - x*)'®, then find fof (x). [CBSE 2010, 1M]
f:R—> R
f(X) - = 3)1/3
fof(0) = f(Fx) =[3-{f(x)}]"
3 /3
3-{6-x)"} ] =[3-3-x)]" =x [1]
ﬁet A ={1,23}, B ={4,5,6,7} and let f= {(L,4), (2,5), (3,6)} be a function from A to B. State
whether f is one one or not. [CBSE 2011, 1M]
Sol. Yes f is one-one
[1]
, /Tﬁa binary operation * : R x R — R is defined as a * b = 2a + b. Find (23)* 4
Fra [CBSE 2012, 1M]
Sol. Given a*b=2a+b
*3)*4=(4+3)¥4=T*4=14+4=18. [1]
If R ={(x,y):x+2y=28}isarelation on N, write the range of R. [CBSE 2014, 1M]
. Given x+2y=8 x,yeN
;‘i 8 x
T
3 at x=2 y=3
g x=4 y=2
5 x=6 Jy=1
g R ={(2,3) 4,2) (6, 1)}
i R of R=1{3,2, 1} (1]
] nswer : [4 Marks]

Sho

Determine which of the following binary operations on the set N are associative and which are

commutative. T s
| @wb=1VabeN  Gab=2vapen [CBSE 2006, 4M]_
§Sol @ a*b=landb*a=1 '
; a*b=b*a=1Vab,eN
i ~. Binary operation is commutative . 1] F
£ 13
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(b)

L. ()

(i)

Again, (a*b)*c=1%c=1
anda*(b*c)=a*|=1VabceN
S(@a*b*c=a*(b*c)

[1]
. Binary operation is associative
ath= a;b _b+a ~b*4
iy ¥i o . (1]
. Binary operation * is commutative
Now, (a * b) * ¢ :(a;bj*c
2ib.
S5 ? _a+b+2c
2 4
and a*(b*c)
pote
_gbre o 2a+bec

2‘2=4' i

Hence binary op operatlon is not/associative. (1]
C%w that the relation R defined by (a ) R(c ) = a+d=b+conthe set N x Nis an equivalence
relation. , 91 g - [CBSE 2008, 2010 4M]

Reflexive :
Let (a, b) € N x N such that

if({B)R(@,b) = a+b=b+a (( d
whic:)ﬁ-ﬁ\/(a,b)eNxN ah) &\ ) o)

.. R isreflexive %ﬂb) - 113
Symmetric : iR ¥ /%\ &Q) .
th@,eNstuchthat _' i 3F

[1v4] i
| b 0 RS s
if (a, b)R(c d)=>a+d I T A (1) \)Rg
? % # & (,dR(e,f) = c+f=d+e ... (i1) ]
.- Q
| \ fromequation () + (i) \ ( o2 0' ) ?
i \;\ = a+f{+/c+t[=b':-/é/d+e - C\@L O\"?Q‘ %'F(.. [
G s
“ ) ive \ ) Qﬁ) \Q) 2 (1%
Since R is reflexive, symmetric and transitive on N x N, X |
Hence R is equivalence relation. il
14 \ , E
,".’)L =
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Relations and Functions

——, if nisodd
%t : N — N be defined by f(n) = - forallne N [CBSE 2009, 4M]
‘ % if niseven
- (‘-/D P/\/‘
Find whether the function fis bijective. e /
—— ifnisodd
™
if niseven
for f to be bijective it should be one-gne and onto : (1]
- & tmy) = 4
Letx =3 &x,=4 )
(331) ’ =
here f:(_3)=%=.2_ & f(4)=%=_z s ¢ (1]

f3)=f(4)but3 =4 -
fx)=1x) = x #x, - ‘ [1]
i.e. fis not one-one

1]

"m}c e fis not bijective.
M that the relation Sintheset A= {x e Z:0<x < I2} given by S={(ab): ab € Z},Ja—b| is

< divisible by 4} is an equivalence relation. Find the set of all elements related to 1. [CBSE 2010, 4M]
Sol. (i) Reflexive:—— i g

Letae A ey o i el
|a —a| = 0 which is divisible by 4.

So,(a,a)e SVaecA

Hence S is reflexive. [¥4]

(i) Symmetric:
Leta,b € A such that (a,b) € S
i.e. |a—b|isdivisible by 4.
= |«(b-a)|=|b—alisdivisible by 4.
Hence (b, a) € S.
So, Sis symmetric. : [1]

—
\
<

T-1\0) Raktions and Fursaions\Eng pé5

A \SHEET.

(iii) Transitive:

Let a, b, c € A such that (a, b), (b,c) € S
i i.e. [a—bj & [b—c] s divisible by 4. _ b ) -
= |a—b|=4k, (say) » Vgl L-¢) =
& |b-c|=4k, (say) O —Cye ‘;"(/-—s Ul—l
= (@-b)=t4K, @
& (b-c)=#4k, . (i) |
add equation (i) & (i) :

1 Dttt S P

15
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Sol.

I. Letgivenset A= {0, 1, 2,334, 3]

= (a—b)+(b—c)=i4k1:4_k;__,

= a-c isdivisibléby4.

= la—c|isdivisibleby 4. _

Hencf;(gj_gl_&'s_d ‘ I

So, Sis transitive, v % b 9 5
Hence S is an equivalence relation. i 42

Further, let (x, 1) € S, x € A X

=[x~ 1]is divisible by 4 f?\ /8 )

= x-1=0,4&8, % -0

= x=15,9

™ 4]

[CBSE 2 4M]

Required set is {1, 5, 9}.
/f R — R be defined as f(x) = 10x + 7. Find the fuwm%rl/

OR
a+b, if a+b<6

A b . % 2 - 1 . *h=
mary operation-* on-the-set-{6:+,2,3,4,5} is defined as : a*b {a+ b—6, if a+b>6

Show that zero is the identity for this operation and each element a # 0 of the set is invertible with
6 —a, being the inverse of 'a'. ‘

Given f:R >R, f(x)=10x + 7

and g: R — R such that gof = fog =

= gof(x)=fog(x)=I(x),VxeR

i.e. f is invertible function and g is its inverse function N
Let f(x)=w, VxeR :

= fUy)=x, VyeR

= gy)=x, VyeR e (1) [1%4]
v fx)=y=10x+7
e Y=l
= 10 }
= . g(y)= 10 E
b IR o [1%] é

OR

lete € A, be an identity element for * on A
Bydef.:a*c=a=e*aVa,eeS

Case-1: Ifa+e<6 Case-I[: a+e=>6
a*xe=a e
Hence Identity ele.e =0 € A E_] J
16
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Relations and Functions

[I. ForlInverseelement :

leta™ € A be an inverse element of a € A, then
Bydef.:a*xa'=¢g=g1x4

Case-I: Ifa+a'<g Case-Il: a+a'>6
axal=e a*al=g
a+a'l=( a+a'-6=0
al=-ag A a'l=6-aeA;az0 -
ence Inverse ele. a' =6 —a: 3 %0 [2]

howhat f : N — N, given by

I, ifxisodd .
f(x) ={x T ik is both one-one and onto. [CBSE 2012, 4M]

x =1, if xiseven

OR
Consider the binary operations * : R x R R and o : R x R — R defined as a * b = |]a - b| and

aob =aforalla,beR. Show that ' * ' is commutative but not associative, ’o is associative but
not commutative,

f:N> N, such that /
£(x) = Xt l,‘if x.is odd
x—1,if x is even

For one-one ;
Case-l: Let n, and n, both are even
X, X, € N,
if £(x,) = f(x,)
X, -1=x,-¥ = X, =X, /
f is one-one.—" ‘ 7]

Case-Il: Let X, and x, both are odd

X, X, € N
if £(x) = f(x,)
X FIEXEL X =X,
f is one-one 4]
Case-III: Let X, = 0dd and x, = even X, X, €N

if f(x,)=f(x,)

X, +1= X, =1
X, =~ X, = 2
This is contradiction,

Since the difference between

an odd and even whole number.

can never be 2, o
Thus is this case f(x)#= fx,) S
X %X, = f(x)#f(x,)

£ is one-one. | ; {1]
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For onto :
Case-T:  When x is odd in this case x + L is even.
fFx+D)=x+1-1=x
Case-II:  When x is even in this case x — 1 is odd.
f(x—l):x—l-i;l_=x
Thus every x e N has its pre image in N.
" So range = codomain.
Hence f is onto.
= Ok
For all a, b €eR,a*b=|a-b|
=|-(b-a)|=|b=a|=b%*a VabeR
= aEb=h*a
= "*'is commutative
Also, for all a, b, ¢ € R,
@*b)*c=la-b|*c=[la-b|-c|

and a*(b*c)=a*|b-c|=|a=|b =¢||
=5 (@*b)*c=a*(b*)
(v lla=b|—<|z]a=|b=c]|

. "¥'is not associative
Also given binary operation
O :R x R — R defined as
Again aob=aand boa=b
—s aob # boa
= O is not commutative,
However, for all a, b, ¢ € R,
(aob) oc = aoc = a
and ao(boc) = aob = a
= (aob) oc = ao (boc) V a, b, c € R
'O’ is associative,

ce binary opration O is associative but not commutative

(4]

(%]

m

(1

(1]

[

(L

‘./Consi’der f: R, —[4, ») given by f(x) = x + 4. Show that f is invertible with inverse f ~! of f giver

by f~'(y) =\y—4, where R, is the set of all non-negative real numbers, [CBSE 2013, 4M]

Sol. f:R, — [4, )

f(x)=x2+4
fisinvertible =  f is one-one and onto
forone-one:  Let x.x, € R,

we have f(x,) = f(x,)
X?+4=x2+4

18
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y‘A’the function f : R — R be given by f(x) = x>+ 2 and g : R — R be given by g(x) = ﬁ,

s et e

Ry ALLEN Relations and Functions

(X} + X)X, = X,) =0

X =X x1+x2¢0

f(xl) = f(x:) == Xy = X,

f is one-one ' [1¥4]
for onto : Lety = f(x) : x = f~\(y) el

y=xI+4

STVt X =3 S (2)

if y-420

y=4

range of function = [4, )
codomain = [4, )

range = codomain ) (1%]
{ is onto )
f is one-one and onto =  fisinvertible [V2]

from equation (1) & (2)

iy =y-4

x = 1, find fog and gof and hence find fog(2) and gof(=3). [CBSE 2014, 4M]
Sol. f:R—->R;f(x)=x2+2

g:R—)R;g(x):%,x%l

=)
fog = f(g(x))
2
=f(_x_)=(L] Ba
x-1 x-1
< S A =x2+2(x—l)1
(x-1)° (x-1)
=xz+2x2—4}\(+2 =3x2—4x+2
S oy [
gof = g(f(x))
=(x*+2)
_ (x*+2) _x2+2_l+ 1 >
OO Al ) i
327 -4(2)+2 .
. fog(2)=‘—)(2_—1‘),)£=6 V]
1 i i,
f’3 = —_———m = % :
B i e | : P
= i
e e
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: = {(a, b) : a,
\\M“ﬂmine whether the relation R defined on the set R of all real numbers s R={(ab): abe
rs}, is reflexive, symmetric ang

R L L R S IS R B

Rand a-b+3e S, where S is the set of all irrational numbe

transitive [CBSE 2015, ]
- OR
2 3 b + d).
i Let A=R x R and * be the binary operation on A defined by (a, b) e d),: (a -:\C,Alqo \i/n'le th
l Prove that * is commutative and associative. Find the identity element for OnCl;SE‘ 2015 6Me
E inverse element of the element (3,-5)in A. [ &
Sol. GivenaRb=a*b+\/§eSVa,.beR
Reflexive :Let a € R such that
4 if aRa= a-a+3
; =vJ/3eS,VaeR ,
§ . Risref. - [1%]
é Symmetric : Let a, b € R such that
§
i if aRb=> a—-b++3¢S
i :>—(b—a+\/§),+‘2\/§es
- = bRa
i R is symm. (1]
Transitive : Let a, b; ¢ € R such that
if aRb=a-b+/3=Ke$ ()
:
' and bRc= b_c+\/§=K2€S ...... (i1) : [1%2]
from (i) + (ii)
, , a-c+23=K,+K,
| = etk K, 3 ES R [1v%])
; = aRc 2
7 R [1%]
i R is transitive. -

OR
Given (a,b) * (c,d)=(a+c,b+d), (a,b),(c,d) e A

(i) Commutative: (a,b) *(c,d)=(a+c,b+d)
=(c+a d+b) (bycom.rule on add)
=(c,d) *(a, b) | [1¥4]
Hence * is commutative
(ii) Associative : Let (a,b) (c,d) (e,f) € A
we have [(a, b) * (¢, d)] * (e, f) :
= (a+c b+d)*(e,f)
= (a+c+e, b+d+f) |
and (a,b)*[(c,d) * (e, )]
= (a,b)*(c+e,d+f)
= (a+c+eb+d+f)
= [(ab)*(c,d)]* (e NH=(ab)*[(c,d)* (1)
Hence * is associative. (1%
_E
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Relations and Functions

(iii) Identity element : Let (e,e)eAisa identity element
By def ; (a, b) * (¢, e,)=(a,b)
=(a+ e, b+e)=(a,b)
=ate =a & bte,=b
e, =0 e,=0
(e,e,)=(0,0) e A '
Hence (0,0) is an identity element for * on A. [172]
(iv) Inverseele.: Let (x, y) is inverse ele of (3,-5)
By def; (3,-5) * (x,y) = (0,0)
B+X,-5+y)=(0,0) .
3+x=0 and-5+y=0
Xx=-3andy=35

J € (=3, 5) is inverse ele of (3, -5) for * on A [1%2]
Let A=R xR and * be a binary operation on A defined by (a, b) * (¢, d) = (a + ¢, b + d). Show that

* is commutative and associative. Find the identity element for * on A, Also find the inverse of every

element (a, b) € A. [CBSE 2016, 6M]
Sol. Given (a,b) * (c,d)=(a+c,b+ d), (a,b), (c,d) e A
(i) Commutative : (zi, b) *(c,d)=(a+c,b+d)
B =(c+a d+b) (bycom. rule on add)
=(c,d) *(a, b) (1]

Hence * is commutative
(i) Associative : Let (a, b) (¢, d) (e, f) € A
we have [(a, b) * (¢, d)] * (e, )
= (a+c b+d)*(ef)
= (a+c+e, b+d+f)
and (a, b) * [(c, d) * (e, )]
= (a,b)*(c+e,d+1)
= (a+c+e,b+d+f)
= [(a,b)*(c,d)] * (e, f)=(a,b) *[(c, d) * (¢, )]

Hence * is associative. [1%]

Board Maverial\SHEET- 1101 Rebations and Fundions\Eng 55 |

(iii) Identity element : Let (e,, ¢,) € A is a identity element
] By def: (a, b) * (¢, €,) = (a, b)

1 =(a+e,b+e,)=(ab)

=ate =a & b-Fez-—.b

" 2

3 e, =0 e,=0

3

i : (€,€,)=(0,0)€ A 7

i Hence (0,0) is an identity element for * on A. (13
£ 21
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(v) Inverse ele. : Let (x, y) is inverse ele of (a, b)
By def : (a, b) * (x, y) = (0,0)
@+x,b+y)=(0,0)
a+x=0 andb+y=0

X=-aandy=-b

[1%5]

Hence (-a, -b) is inverse ele of (a, b) for * on A
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