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ROLLE'S THEOREM & LMVT
. ROLLE'S THEOREM ;

Let fbe a function th

atsatisfies the following three conditions :

(@)  fiscontinuous on the closed interval [a, b].
(b) fisdifferentiable on the open interval (a, b)

(©)  f(a)="f(b)

Then there exist at least one number ¢ in (a, b) such that f '(c) = 0.

Y, Yy
A B o B A B
H — A H
O] a G ¢ b X 0] a (; lb *}x X 6] a & b X
(a) (b) (d)
Note :

Iffis differentiable function then between any two consecutive roots of f(x) =0, there is
atleast one root of the equation f'(x) = 0.

(d) Geometrical Interpretation :

Geometrically, the Rolle's theorem says that somewhere between A and B the curve has at
least one tangent parallel to x-axis.

HMustration:  Verify Rolle's theorem for the function f(x) = x’~ 3x> + 2x in the interval [0,2]. [4]

Solution : Here we observe that

f(x) is polynomial and since polynomial are always continuous, as well as differenti-

able. Hence
f(x) is continuous in the [0.2] and differentiable in the (0, 2).
&
f0)=0,f(2)=2-3. 2 +22) =0
f(0) = £(2) ]
Thus, all the condition of Rolle's theorem are satisfied.
So, there must exists some ¢ e (0, 2) such that f'(c) = 0
; : L
= f(C)=3C—6C+2=0$ C=li\/§ [1]
1
where both ¢ = | 175“ € (0, 2) thus Rolle's theorem is verified. [1] :
98
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(b)  Forf(x) to be decreasing

fi(x)<0

= (x-2)(x-6)<0 = x>2andx <6

= X € (2,6) : o
4. Verify Rolle's theorem of the function f (x) = x2— 4x + 3 on (L, 3]. [CBSE: 2007, M)

Sol. (i) f(x)iscontinuousin[I, 3] being algebraic function.
@) f'x)=2x-4¢(l1,3)
f(x) is derivable in (1, 3)
(i) f()=1"-41+3=1-4+3=9
f(3)=3-43+3=9-12+3=0
f(1) =1(3)
Rolle's theorem'is verified.
Now, there exists a number ¢ such that
f(c)=0
> 2-420 > c=2¢(13) H

5./'Ehe money to the spent for the welfare of the employees of a firm is proportional to the rate of change
' 0

fits total revenue (marginal revenue). If the total revenue (in rupees) received from the sale of x units
of a product is given by R(x) = 3x2 + 36x + 5, find the marginal revenue, when x = 5, and write
which value does the question indicate. [CBSE 2013, 1M]

Sol. R(x) =3x2 + 36x + 5

RO _ 6x+36
dx
s [d}zi")J = 6x5+36=30+36 = 6. 4]
¢ x=5

value based :- more revenue = more money for the welfare of employees. [Any other individual

sponse with suitable justification be accepted, even if there is no reference to the text]. [V4] %
Shett Answer : [4 Marks]

b
6.  Verify Rolle's Theorem for the following function : f(x)=sinx +cosx, x € [O, g:’ -

[CBSE 2006, 4M] ©
Sol. Here f(x) = sinx + cosx, X € [O,g—]

T
Both sinx and cosx are cont. on [O,g.J and diff.on (0, 5]

.. f(x) is cont. on [OgJ and

7 T
f(x) is diff. on (0, EJ

—
[
e
Nodk08\BOAG AH\ Kota\JEE{ Adeoncd\Ervhonicat\Mathy!
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Also f(0) = sinQ + cosO = |
n n
fL'ﬂ sin — + Cos |
2 | 3 b ]
ENEL
lt‘..!(n)"[k’) (1]
Thus all the conditions of Rolle's Theorem are satisfied by the function f(x)
[ )
el .
i1C € kné J S.t.f (&) =0
Now f'(X) = cosx — sinx (1]

f(x)=0 => cosx =sinx

=tanx = |
R
=2 X=-—
4
Clearly c =~ e 0.5) I
b ( 2 (1]
7. Verify Lagrange's Mean Value Theorem for the following : f (x) = x* + 2x + 3, [4, 6]
[CBSE 2006, 4M|
Sol. Here f(x) =x*+ 2x + 3, x €[4, 6]
Being a polynomial, x* + 2x + 3 is both continuous
and diff. everywhere and in particular, in [4, 6]. (1]
fi(x)=2x +2
— The conditions of Lagrange's Mean Value
Theorem are satisfied.
= Jce(4,6) satisfying
. f(b)-f(a) f(6)-f(4)
f'(c) = = = (2c+2) - (1]
1
=E[(62+2x6+3)——(42+2x4+3)] (]
=2+ 2=%[36+12-—(l6+8)]= 12
= (2+2)=10 = ¢=5
(1

Clearly 5 € (4,6)
8.  Find the intervals in which the function f (x) = 2x3=9x+ 12x + 15 s (i) increasing and (it) decreasing.

OR
Atwhat points will the tangent to the curve y = 2x? - 15x* + 36x - 21 be-parallel to x-axis? Also, find
_ the equations of tangents to the curve at those points. [CBSE 2008, 4M]
§ ol f(x)= 2x7- gx24 12x 415 :
) =6x2- 18x +12
=6(x*-3x +2)
=6(x-2) (x - 1) (1]
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For stationary point, { '(x) =0
6(x-2)(x-1)=0

x=2, x=1 _
Disjoint intervals are (-0, 1) (1, 2), (2, o0) Ay
Test Nature of '(x) Nature of |
Intervals
value | f'(x)=6(x -2)(x-1) f(x)
o) |x=0"| (H)E))=(+)>0 T (1]
L2 [x=L5| (H)EH) =(=)<0 \’
(2,0) |x=3 (H)(H)H) 2 () >0 1
f(x) is increasing in (oo, 1), (2, ®) and decreasing in (1, 2) tl
OR
y =2x— 15x>+ 36x - 21
dye ..,
o 6x*— 30x + 36 = 6(x* - 5x + 6)
g—i=6(x—3) x-2) (1]
* Tangent is parallel to x-axis
dy
a;=0
6(x-3)(x-2)=0
e . X =00 (1]
when x =3
y =2(27) - 15(9) + 36(3) - 21=6
Point (3, 6) [2]
When. «x =2
y=2(8)-154)+36(2)-21="7
Point (2, 7) g ()

Required points are (3, 6) and (2, 7)
Equation of tangent at (3, 6) is

y-y=mXx-x)

y—-6=0(x-3)

y-6=0 V2]
Equation of tangent at (2, 7) is

y-7=0(x-2)

y-7=0 [Y4]
The length x of a rectangle is decreasing at the rate of 5 cm/minute and the width y is increasing at the
rate of 4 cm/minute. When x = 8 cm and y = 6 cm, find the rate of change of (a) the perimeter (b) the
area of the rectangle [CBSE 2009, 4M]

OR

Find the intervals in which the function f given by f(x) = sinx + cosx, 0 < x < 27 is strictly
increasing or strictly decreasing.
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ﬂé_l.l.lll Application of derivatives
ax .
S‘\; Uiy d
ay
Pe X+ V)
u .t‘ :g.} L =L \
~ \;- \il
=2(-5) + 2(4) = -2 cm/min (2]
Aa A = XY
aA N Aoy ax
=8 x4 +6(-5) = 2cm¥/min (2]
OR
fiX) = SInX + COSX
f(X) = cos x —sinx
f(x=0 = sinx=cosx
s TR as (0 €£x <2n) 1
4 4
0 =4 §.-:4 2z
[0.5)[ 38 2] [1%]
Fx)>0ifx e U 27
rxX)>01rx k4 J 2
1.e. fis strictly 1 1mrea>mg in the interval
—O n) (5x . ]
— U] —.2m |
MR
Ao F)<Oifxe [F
Also (.\<l,\EL4-4
n S5n
i.e. fis strictly decreasing in 2’ 4 [1%4]
i
i n
% 10. Find the equations of the tangent and the normal to the curve X = 1 —cos6, y =0 - sinf) at 9——-:‘-_
[CBSE 2010, 4M]
j Sol. x=1 —cosG,y:G—siﬁe, at 9:-}
R il
1’ 1 ﬁ 1 4 \/'2_
‘ d
—x—=sin9 d—y=l—cose
: de : do
; dy l-cos® 1-1/+/2 _J2-
i = 1 (1]
i dx  sin® 172
E__

117
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Equation of tangent at (x,y,)

LA = V2-1
...__+___ — -_— —_
S s
Equation of normal at (X, y)

n 1 1
.__+—_ P _— —
y 4 ﬁ} (\EH)[X 1+\/5]

Prove that y= ﬂ'ﬁ_
(2+cos0)

OR

. : - oo n
-0 1s an increasing function in [05}

(1]

(1]

[CBSE 2011, 4M]

[f the radius of a sphere is measured as 9 cm with an error of 0.03 cm, then find the approximate error

in calculating its surface area. [CBSE 2011, 4M]
Sol. ¥= 4sin 6
S (2+cos0)
. _ 42 +cos6)cosO—4sinO(—sin6)
YE= 3 -1
(2+cos0)”
_ 4[2cos0+cos” O+sin’ 6]
 (2+cosB)’
_ 4(1+2cos6) cos0(4 —cosH)
= e e p () 21
(2+cos0) (2+cosH) e 4
k‘. >
. T ¢
' cosO>0if 6e [0,—2—} O
) s
4—cosb>0if Oe {OE}
(2+cosB)* >0if 6 e [0—723] :
n 1
y'>0 in [0’ E] |
= yisincreasing function. wi2) 2
OR !
Let r be the radius of the sphere and Ar be the error in measuring the radius.
Then, r=9 cm and Ar=0.03 cm
Let V be the volume of the sphere. Then,
4 , dv 2 .
V=—nar —=4nr i
3 = dr ; :
dv
o (—) =4nx9* =324n 2
dr 20 1
— £

118
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Application of derivatives

v AV Ba the arrar |
Let AV Bé the error in V due to error Arin r. Then,

av=L A
dr
= AV =324nx0.03 =9.72 n cm?. [2]

" , : i ’
Thus, the approximate error in calculating the volume is 9.72 7 cr’.

12. adder 5 m long is leaning against a wall. The bottom of the ladder is pulled along the ground, away
from the wall, at the rate of 2 cm/s. How fast is its height on the wall decreasing when the foot of
the ladder is 4 m away from the wall ? [CBSE 2012, 4M]

Sol. If the foot of the ladder is at a distance x from the wall and the top is at a height y at instant of time
t, then

5y =x*+y* ['2]
Differentiating w.r.t. time (t) ’
d dx dy
—(25)=2x—+2y— P
=5 dt( ) 5 Y (1) [
. dx
We are given that = 0.02 m/sec,
x=4m andy~---\/25—42 m=3m
(o x2+y'=25md y = \[25-x2 ™M) (1]
Hence from (1) -
dy
0:2x4mx0.02m/sec+2x3ma—{
dy 0.16
== = —==mm/sec. L
=5 ¢ misec 1]
Rate of decrease of height of ladder on the wall
8
= l—6—m/sec= 16Oocm/secz—cm /sec. 1
600 3
Find the value(s) of x for which y = [x(x — 2)]* is an increasing function. [CBSE 2014, 4M]
OR
Find the equations of the tangent and normal to the curve %—% =1 at the point (,/2 &, b).
3 Sal. y=[x(x-2) = 9 b C‘n~z)J\7< (2m 2
N U~ Uhe
dy % M
o AP A ) T 1]
dx
For increasing function
dy
i 0

119
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14. Find the equation of tangents to the curve y = x3 + 2x — 4, which are perpendicular to line .

Sol.

x(x-1Dx-2)>0

<
—
2=

2 (0, 1) U (2, o0

2 2

X
Curve —,—y—,:l
7%

2K 25 dy,

2

2% b X

dy _b*(x
dx a2 y

Slope of tangent at P( /3 a, b)
[d_Y) = ﬁ K

dx a’

Equation of tangent

y—b:ﬁg(x—ﬁa)

= ay —ab = /3 bx — 2ab
= J2bx—ay=ab

Equation of Normal

\/_b( ~+/2a)

V2by —/2b? = —ax ++/2a
ax ++/2by =/2(a% + b%)

x+ 14y +3=0.
Curvey=x+2x-4

Slope of tangent m, = Y 3242
bdx

Slope of line m, = {Z

Tangent is L to the line
m, xm, = -1

. (3x2+2)xt=oy

14
3x?=12, x = =2 put in equation (1)

OR

------

(1%

[1%3]

(1]

[17]

[1%3]

i
[CBSE 2016, 4M] |

/

[ |
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e I Application of derivatives
point of contact are P (2, 8), P,(-2, ~16) ()
equation of tangent of P (2, 8)

y-8= 14(x ~ 2)

Equation of tangent at P,(-2, ~16)
yr16=140+2)
[4x -y + 12=0 (1)
Long Answer : [6 Marks]
15. A window is in the form of a rectangle surmounted by a semi-circle, If the total perimeter of the
window is 30m, find the dimensions of the window so that maximum light is admitted.

[CBSE 2000, 2092, 2006, 6M]
Sol. Let AB =2x,BC=y [

— Radius r of the semicircle =x D=4
. According to the question y
A B
2x+y+nx+y=30 2
n+2 A
= yulS-am=Ros. o (1) (1]

Let A be the area of the window. Then

A =2x><y+lmc2 =27((15~-1-t—+—%x)+lnx2
2 2 2

|
=30x - (m + 2) :<2+E1t)("=30x—(§+2Jx2 (1]
dA d’A
- "2 _30-(n+4)x and —==(n+4) ... 2
= (m+4)x o (n+4) (2) (2 + Y]
Now for max. or min.,
A o
dx n+4 (1]
2
For this value of x, clearly %—{:5 <0 :
X
. Maximum light will come through the window. t2)
Now AB=2x= 60 }n;r=x=i()—m [Va]
n+4 . n+4
n+2
BC=y=15———2—x [From (1)]
=15_n+2x 30 =15(1‘t+4—1t—2)= 30 & (1
2 n+4 n+4 n+4
121
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16.  Find the point on the curve x? = 4y which is nearest to the point (-1, 2). [CBSE 2007, 6M)
OR .
A wire of length 28 m is to be cut into two pieces. One of the two pieces is to be made into a square

and the other into a circle. What should be the len gth of the two pieces so that that the combined areg
of these is minimum ?

Sol. Let A(h.k) be any point on the curve x2 =4y and B(-1,2) be the given point

SAB={h+1P+(k—2F  ..(1)

*+ point A(h,k) lies on the curve

h2
Sh=4k = k=— (1]
4 «(2)

Putting k in equation (1)

)
AB= (h+l)2+(—4--2]

Squaring both sides, we get

h: Y
AB? = (h +D2+(T_2)
Let AB? = f(h)

2 2
-~ f(h) = (h+1)? +(hT = 2) w(3) (1]

h* ) 2h
f(h)=2(h+)+2| —-2 [ =
o (h+)+(4 2)4

h* h?
= —-2h=2+—
(h)y=2h+2+ = 2h=2+ 2
For stationary point, f(h)=0

h3

= 2+T=0 = k=8 = h=-2 [l’/z]

2
Now, f'(h) =%

1\C4- Agplcation of Darivesives\Eng, pbS

At h=-2, we have

. 3(-2)" 34
f'(-2) = —4——7-3>0
f(h) is min. ath = -2 i
Distance is max. at h = -2 [1]
Putting h = -2 in equation (2), we get i
K ="—22=5=1 ’
4 4
Required point (h, k) = (-2, 1) (1]
122 £
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.. (28 —x) be the length of the piece to be made into square.

OR
Let x be the length of the pieces to be made into circle.

T

Jo= e e
=) s =R

b e LT

2mr=Xx = r= Ex_ 'E
T w
Area of circle A, X _x F‘;
rea of circle =7r= —=—
M=o (1) (1] I
Perimeter of square = 28-x ;
4= SRSt %
I:
_ g - (28~=x)° i
Area of square A, = (2 = = n(2) (1] F:
Combined area A= A + A, E
X @8-%? !
4n 16 g
4
dA _2x 208-x) 7
dx 4n 16 i
dA_x 28-x i i
dx 2n 8 )
. . U
For stationary point, e i
X 28-x_ 4x-28n+mx _ o |
~ 2n 8 = 8n |
: '28l 0 - 287 1 :
Al = = |
= x(n+4) n=0=> x 1% (1] |
|
Now g_é i+_l_>0 ‘
; dx? 2m 8
i A 287 1
4 rea is min. at x = i [1]
‘ Length of I* pi i
,. ngth o piece = x ="
T ™ 28 —x =28 2A%,
g II* piece = e
281t+112 28n 112
n+4 Cm+d
! Required length of pieces
.. 281: i 1124 = (1]
T+ T+
B
123
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. e
vertical angle a is 2—7-1th' tan“ a .

Sol. Let radius of cylinder =R
height of cylinder = H

Volume of cylinder V=nR*H ... (1)
AE=AC-EC=h-H
DE
tano = E
tano = o =>R=(h-H)tana ... 2)
h—-H

Putting the value of R in eq. (1), we get
V = n(h - H)*tan’o. H
N=ntantolh—HYH = ... (3)
Diff. w.r.t. H, we get

dv
5 = M tanfal(h— HP1+ H2(h - H) (-D)]

= ntan’a(h — H)[h - H - 2H]

=gntan’uth-H)h-3H) = .. )

dv

For stationary point, - 0

ntan’oe(h —H) (h-3H) =0
h-H=0 or h-3H=0

H=h T
=hor H=7

H = h is not possible

2

dHY = mwtan’ct[(h — H)(=3) + (h — 3H)(-1)]

= ntan’a.[-3h + 3H - h + 3H]
= ntan’a.[6H — 4h]

(dZVJ = ntanza(6.h—4H)
dH’ Jyp-t 3

= ntan’a. (2h — 4h)
= ntan’o.(-2h) < 0

Now

17. Show that the volume of the greatest cyllinder that can be inscribed in a cone of height h and semi-

[CBSE 2008,10, 6M]

(1]

(1]

[ -

ne

124
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Application of derivatives

Volume is maximum at H :g (11
putting H in equation (3),
’ h
Maximum volume = ntanla(h —g] —3-
4h*> h_4
= mtan’o.. — . = === 7th’ tan? 1
o 327 rth? tan“a (1]

If the sum of the lengths of the hypotenuse and aside of ari ght-angled triangle is given, show that the

e [CBSE 2009, 6M]

area of the triangle is maximum when the anglc between them is 3

OR

A manufacturer can sell x items at a price of Rs. (5——1—36) each. The cost price of x items is Rs.

X
(-5-— 100} Find the number of items he should sell to earn maximum profit.

1
A =5 ¢ cosO. £sin®

1 {
=3 (2 s5inB cosO aﬁl [1]

1 S -
$ _2_[1 +cosﬁ) . 5in@ cos6, [£cosd + £ =S]

S? sin20
(1]

A= 1+ cosB)

dA  S? [ (1+cosB)*2c0s20-2sin26(-sind)(1+cos6)

o —4_( | (1+cos0)* J Y (1]
= (1 +cos0)(cos20 +cosB) =0

= (1 +cosB)(2cos’*0 +c0osH — =0

= (I +cos0)(2cosb-1)(cosO +1)=0

9% = (1+cos0)*(2cos0-1) ; [1%2]

If 9<n/3:>ﬂf‘_>0
do \ % . "

W = 0 =— is pt. of maxima (1]

If 0>n/3:>E-<O

i
1, P

R T L b i e 2 By B (Ko 1= W i R RS RECTRET

125
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Sol.

Let P be the profit = S.P. - C.P.

P‘=x(5—i)—(i+sooj
100 5

d’p 1
dx_z = —;56 = negative

~. profit is maximum at x = 240.

OR

(1]

[1]

(1]

(1]

(1]

(1]

If the length of three sides of a trapezium other than the base is 10 cm each, find the area of the

trapezium, when it is maximum.

10cm

8§ -
é‘/ h| &
SR ST

h=\] OO'l-X2

Area of the trapezium

0

1
= (sum of parallel sides) x height

=%x (10 + 10 + 2x) X«/lOO—x’

[ 2 T00 = + 20+ 2X)(2%)

24100 -

for extreme values, _?if*_ =0
X

2(100 - x?) - 20x — 2x* =0'
24100 - x?

= 100-x>-10x-x2=0

= X*+5%=-50=0

= (x+10)(x-5)=0

= x=5,x=-10  (Reject)
about x=95 '
L S

dx® . J75

X

e
¥ W
\6"

|

[CBSE 2010, 6M]

(1]

(1]

[1]

rws \Eng pS.

1]

(1]
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Application of derivatives

0. x =5 is the point of maximum.

1
A=—(10+10+2x5)x5V3 = 75{3 sq. units (1]

Show that the right-circular cone of least curved surface and given volume has an altitude equal to
J2 times the radius of the base. [CBSE 2011, 6M]
| OR

A window has the shape of a rectangle surmounted by an equilateral tri angle. If the perimeter of the
window is 12m, find the dimensions of the rectangle that will produce the largest area of the window.

Let r be radius, ¢ be slant height, h be height of cone of given volume

L 3V

)
V=—mrh = 1=
3 nth

Let S be curved surface area

S = nrl =mryr’ +h? 11

2
§ = (e +h?)=" 2 \13\1_4_ h’]

rh | mh

g2 =3v[3¥ +h}: ]

T

Let S2=z then S is max. or min. according z is max. or min.

z=3V[3V2 +h:|1r

rth
dz -6V s
E=3V|:F—‘+]}n [1]
LA nth’
for max. or min. EE—O — T =—6‘ (1]
d*z 18V
E[‘F=3nv|:nh4}>0 [1]
e nth’
Hence z is minimum when V =—6—
h® nr’h
N, s S B L
p 3 = h=2r

e

= h=2r [1]
| 127
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Mathematics

OR
Let length of rectangle | & breadth ish
P=4{+2h=12 = 204+h=¢
= h=6-2¢ , .
A=th +—‘/§zﬂ ‘
4
h
A=06-20)+ {3-@2 . 1]
dA V3
—=6-40+22 :
v, + T 20 ]
d’A V3
=—4+ 0 : 1
ar e E
" Area of window is max. when
dA 12
—=0 = 1
T ¢
24
hitg. <" 1
e 1]
21.  Prove that the radius of the right circular cylinder of greatest curved surface area which can be inscribed
in a given cone is half of that of the cone. [CROKZ01S ot
: OR

An Open box with a square base is to be made out of a given quantity of cardboard of area c2square

3
: : SeC 3 .
units. Show that the maximum volume of the box is —= cubic units.

63
[CBSE 2005, 2006, 2012, 6M]

Sol. Let OC = r be the radius of the cone and OA = h be its height. Lct a cylinder with radius

OE = x inscribed in the given cone. The height QE of the cylinder is given by [1]
E _EC i
(02 A 0 C (since AQEC ~ AAOC)
QE_r-x
or b :
h(r-x) :
or QE= [1] 3
Let S be the curved surface area of the given cylinder. Then
2nxh(r-x) 2nh :
Suspye sBMITY) Jth [
r r
S(x)= zli‘-(r - 2x)
or 1+1]
¢ " -47th [
S"(x)=
128 ‘ -0
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Now S' (x) = 0 gives x =E. since 8" (x) < 0 for all x, S"[E) <0.Sox —E is a point of maxima

of S. Hence, the radius of the cylinder of greatest curved surface area which can be inscribed in

a given cone is half of that of the cone. (1]
OR
Let each side of the square base be x and height by y then
¢? = total surface area of the box = 4 xy + ) (1) (1]
Let V be the corresponding volume of the box, then
Volume of open box = Area of base x height ;
y
V= Xzy - xz[c2 _xz)
4x = e
1 T
or V=Z(czx—x3),0<x<c ..... (i1) [1]
dv _ l(cz — 3x3) [YA]
dx 4
dv 1 3 :
— = resl Y]
n ikl
For maximum value of volume
dv |
o (e2_13x?) =
rgalr (c2-3x)=0
= ¢2=3x2=0 > = = (1]
- = X = \/33_
dzv] = _E L
(? i ==3 X 7 <0
3
; 1 Therefore V is maximum at X =—j—3—— and maximum volume will be 1]
| e
; 4 J‘ "33) 433
- C3 ¥
' V = —= cubi i
| 63 cubic units (1]
: 22. Find the area of greatest rectangle that can be inscribed in an ellipse _+y_2 =1.
] a~ b
| - . [CBSE 2013, 6M]
; OR

| Find the equations of tangents to the curve 3x2 — y2 = 8, which pass through the point G’ 0).

129
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Sol. Let ABCD is rectangle that can be inscribed in an ellipse

Y%0b) (acos, bsind)
C

Ca0) 0,0) @07

A B
(~acosd, ~bsin®) K0.~b) (acosd, ~bsind)

Area of rectangle (A) = (AB) x (BC) = (2ac0s0)(2bsin0)

A = 2absin20

dA
716 = 2x2ab.cos 20

: dA
for critical point — =0
ritical point 0

cos20=0

c0s 20 = cos ud
2

.
4

A
for maximum 7S = —8absin 20

B
dé” ) ..
4
n

So area of maximum at 6 = 5

Thus area is ABCD = 2ab.sin 2x%

= 2ab.sin§= 2ab

[Aliter]

xl

: y’
Given ;—+-—2=l ....... (D)
Let point A be (x,y) for fig. AB = 2y and BC = 2x.
. - Area of ABCD is

Let A =(AB) x (BC)

A(X.y)

A =4xy = A? = 16x2%y?

bZ
Let S=A?2=16x2x 7 (a? — x?) from equation (1)

(x,~y)

a

R

(1]

(1]
(1]

(1]

(1]

130
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Application of derivatives
16b’ 16b?
S=——x2(32 _ y2 kbl 2 1
a’ [x (a x9)] ; (ﬂ X —-X") 1
ds _16b° | \
dx - ul [ d X‘—4X :'
ds a
I <= —
pu = 0:>x~_~2_ (1]
d’s _16b>-_ | :
a—{—\az [ a”—12x :|
s L6b?
(‘—-] = ), [2a —6d2]<0
dx*) . @l (1]
V2
a b f a* b
1 « g X =— ‘ = —_|s 2 —— T —
for maximum area \/5 and y N a > > 2]
; a b
Hence maximum are =dxy =42 2 _,.0 k2]
V2' V2
OR
Let P(x,, y,) be the point in the curve so equation of curve 3x2 - y2 = 8

dy
slope of tangent 6x — 2ya;=0
(22).5:
dx ) 2y
l -
l dy] : (x,)
g Rat i By - 1 1
(dx P }’; ( ) [ ]

Equation of tangent  y — Y =(91J (X=x.)
P

4 y—y1=3(;—:J(x-x.) ...... ) []

-‘ 8-3x2= 4% = M2 g =2 ' (1]

131
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Now y2=3x,2-8

y2=12-8

ylz =4

Y1 =2 (1]
Points are (2, 2) & (2, -2)
Equation of tangent at (2, 2)

(y-2)= 3( )(X 2)

y-2=3x-6
3x-y=4 (1]
equation of tangent at (2, -2)

(y+2)= 3( ](x 2)

y+2=-3(x-2)
y+2=-3x+6
3x+y=4 [1]

23.  Show that the altitude of the right circular cone of maximum volume that can be inscribed in 4 sphere

of radius ris %E . Also show that the maximum volume of the cone is 587— of the volume of the sphere.

[CBSE 2014, 6M, Set-I]
Sol. LetR and h be the radius and height of the cone respectively.

(1]
The volume (V) of the cone is given by ?
V= l':rth
3
r’=(h-r)*+R?
r2 = h? + 12 - 2hr + R2
R? = 2hr — h2 (i) 1] ;
|
Now Volume of cone V = Enth , :
V= %(Zhr—h’) = E(2th ~h?) 2
dv 2 :
= E*—(4hr 3h*)=0 :
4r
i = s [14]
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ALLEM Application of derivatives

and - \; = —g-(4r~()h)

L ar Uag Lo bl b i g

d’v 4r
h=—
ar <() at 3

(1]

. 4r
v is max at h=—3—

max. vol. of cone = %nth

—

= Z(2hr-h%)h

] W

= =(2h’*r-h?)

W

putting the value of h = 4r/3
ar) (4r)'| 4 1[8}
) —| |==nr’| =
== 3[{3] (3” 3" (27

8
= (Vol. of Sphere) [1Y2]
24. Prove that the height of the cylinder of maximum volume that can be inscribed in a sphere of radius R

¥ % ' Also find the maximum volume. [CBSE 2014, 6M, Set-11]

——

Sol. Given R be the radius of sphere. [Y4]
Let h is height and r is radius of cylinder

Rz_hz 2
—7"'[’ W2 R

. R__l_li E 4R:=h? _
1 o Ep (i)

nth
Vol.of eylinder V = nch == -(4R" =h?) =R’h —-Z—hS (i) (1%

\Eng.pd5

2
v _ oo 3mh
dh 4

3n
Z =% 7'IJR2 h2 =y h2 =—
% § :

=0

1 = h=—J3= (1]

| T e T &V 61 2R
oL e e
| Now  Gre—t ol

4 o a2
RS P = e
dh NG}

!
3
g 2R
i Hence Vol. is maximum at h = B (1]

133
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25.  Ifthe sum of lengths of the hypotenuse and a side of a right triangle is given, show that the arca‘ol o
triangle is maximum, when the angle between them is 60°. [CBSE 2014, 6M, Set-11]
Sol. Lety be the length of hypotenuse A
and x be the length of base
Given (=x+y ]
)
— vy —x
A= —;-x X X \/;"’— x’ g
B
2 X
Let (2)=A"="(y" -x")
z=A ="T'[e2 #xE=20x - x]
z=A3.=%I£’2x2 -26x"] (1]
92 _ a9 Lipan-260x)) =0 (1
dx dx 4 -
{=3x
x=03, y=203 (1'4]
cosO =-’-‘-=—l-=cos£
Y2 6
o=
6
i
d'z- ) 2
Now —=—|("—-60x ‘
ow. sl ] 1
1
dzz | b, b ‘
— | ==-=-2
b |
2 :
= _E_ <0 :
2
Thus area of triangle is maximum at 0 = n/6 [1¥4]
L
26. Tangent to the circle x? + y> = 4 at any point on it in the first quadrant makes intercepts OA and OB
on x and y axes respectively, O being the centre of the circle. Find the minimum value of
(OA + OB). [CBSE 2015, 6M]
E

124
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Circle x>+ y* =4
In A OPA
2

c0s0 =—

OA
OA =2sec0
In AOPB

c0s(90 - 0) = &
OB

OB = 2cosech.
(let) Z=0A + OB
7= 2(secO + cosecO)

%g = 2(secOtan 0 —cosecOcot0) = 0 (1]

sinO0  cos0
cos’® sin’0
sin’0 = cos*0

tan’0 = 1
0=7 [
4

d’z 3 2 3 Ocot?0

—67=2[sec 0 +secOtan” 0+ cosec’0 + cosecl cot :|

d’z 7

—_— at 0= —

a0z 040

So Z is minimum [1]

Minimum value of Z= 2(5(30-;—t +cosec%)

" Z=42 (1]
4sin0 un TS . = n
27. Provethat y = —0 is an increasing function of O on | 0,— |. [CBSE 2016, 6M]
2+cosf 2
OR

; . W W i
] Show that semi-vertical angle of a cone of maximum volume and given slant height is cos™ (_\_EJ .

-
(2+cos0)
y's 4(2+c0s0)cos0 —4sinO(-sin0) 1
(2 +cos6)’ .
_ 42050+ cos’ O +sin’ 0] o
B (2+cos0)*

, 135
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_ 4(1+2cos0) 1= cos0(4 —cos0)
(2 +cos0)? (2+cos0)? el

congOif@e[O.—g]
) T
4—c059>01f95[0.5}

(2+cos0)? >0if O e [o, ﬂ

T
'>0in| 0, —
s [ 2]

= yisincreasing function. w(2Z)

Let radius of cone =r
height of cone =h

slant height of cone = ¢

and semi-vertical angle =«

3

1 ="
Volume of cone v =-§m‘2h = nTsmz fcosO

3
dv " [2sm9cos 0 —sin 9]
40
) dv
for maxima and minima —=0
do
3
ﬂ‘i L [ZSmecos 0 —sin 9:|=
dé

2¢08%0 — (1 —co0s?0) =0

1
cosf=—

0

|

0=cos' —

B
2 3
:62 4 [2008 0—"7sin Gcose]
dv is negative at © = .
dez g cos™ \/5

] : !
hence v is maximum at @ = cos™ —

V3

)

OR

(2]

(1]

(1]

(1]

vl

(1v]

1]
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Application of derivatives

Let radius of cone =r

height of cone =h
slant height of cone = {

and semi-vertical angle = o

Volume of cone v =5 in SRS (1)
=1 '
=02 =0 (2)

Putting the value of r* in equation (1)

1
v =§1t(£2 —h?).h

1
v =-3-1t(£2h - h%)

..... (3)
dv 1
e—e=nt=3) T 4
o =3 W& - 31) @)

ki i i -q!*“ 0

or stationary point, T

1 [

~m(P-30)=0= b= Jf?—

.) B =

2

&y 1
Now ——v—=§n(—6h) S o

14
Putting h in equation (2), we get 1= (2 o

dh*

d’v ;
a_h_z e:h=z =—21I.7§" &

&

V4
Volume is maximum ath= —=

V3

2

s 0
= 3 = ) \[g

(1]

(1]
(1]

ke

(1]

[l
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t = =\/§
=B o

o = tan /2
[1

1
a=cos | —
NE)

| '{' mﬂ)\

| ‘).—(ﬂ‘))( 3 |

= (Kb e
™ e, sl : A

\ + (hFli

2 &K MCHL%) \ 9 g
= p g}(/mw&u m-.)‘z $

is ' J 5 Py
- A
k% \

dj.- E B 2 9
A% AR Y.

ek

™ s (M+])
4y .

as HOH o hd)2nd)
A "L?(f%’) . '&77\"("7 +) )

I T ("?\-4)(27)4’/;)
A f,'q_(ﬂ*,)

@ A% - mm+))(y - (n)@n+)
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